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This thesis concentrates on the extreme value theory of measurable stationary symmetric
non-Gaussian stable random fields and its connection to the length of memory for both
discrete and continuous parameter cases.

Firstly, we establish a connection between the structure of a stationary symmetric
a-stable (0 < a < 2) discrete parameter random field {X,},cz« and ergodic theory of
non-singular Z?-actions, elaborating on a previous work by Rosiriski (2000). With the
help of this connection, we study the sequence of extreme values M, := maxy_ <. >0 |Xi|
of the field. Here, r > 0 means all the co-ordinates of ¢ are nonnegative. Depending on
the ergodic theoretical and group theoretical structures of the underlying Z“-action, we
observe different kinds of asymptotic behavior of this sequence of extreme values. In
the discrete-parameter case, we also consider the point process sequence { 3. <x Op-1x,
n > 1} for a suitable choice of scaling sequence b, T co. If the random field is generated
by a dissipative Z¢-action then this point process sequence converges weakly to a cluster
Poisson process with b, = n/?. For the conservative case, we look at a specific class of
stable random fields for which the exact effective dimension p < d is known. For this
class of random fields, using b, = n”/% and normalizing the point process itself we get,
as weak limit, a random measure which is not a point process.

For the continuous-parameter case, we first develop the notions of conservativity and
dissipativity of nonsingular R? actions and use them to obtain the continuous-parameter
analogues of the structure results presented in the discrete case with the assumption that

the random field {X,},rs is measurable. We also observe that any stationary measurable



random field is continuous in probability, which is then applied to compute the rate of
growth of the maxima of the random field as the parameter ¢ takes values in increasing
boxes. As in the discrete parameter case, we notice different rates of growth of the
maxima depending on the ergodic theoretic nature of the underlying R?-action. It can
be argued, in both discrete and continuous-parameter cases, that this change of rate is

governed by the length of memory of the field.
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Chapter 1

Introduction

Random fields are stochastic processes indexed by multidimensional sets (e.g., Z¢, R,
manifolds, etc.). They arise in modeling of any kind of spatial data (e.g., agricultural
data, weather data, data on brain mapping, image science, etc.). Many of these data sets
show heavy tails in their distributions. Since non-Gaussian stable distributions form
an important class of such distributions, stable random fields become very useful for
modeling spatial data with heavy tails. In this thesis, we will consider both discrete
and continuous-parameter (indexed by Z¢ and R respectively) stationary symmetric

non-Gaussian stable random fields and study their properties.

A random variable X is said to follow a symmetric a-stable (S @.S) distribution with

scale parameter o > 0 if
E@@™) = e forall 6 € R.

Here 0 < @ < 2. When «a = 2 this reduces to a Gaussian distribution. We will concen-
trate on the non-Gaussian case, and hence, assume that 0 < a < 2, unless mentioned

otherwise. In this case, @ can be regarded as the tail parameter because
P(X] > ) ~ Coo® 2™ as A — oo,

where C, is a constant (depending on @) known as the stable tail constant. In particular,

for 0 < a < 2, we have

E|X]P <co forany 0O<p<a,

E|X]P =c0o forany p2>ca.

See, for example, Feller (1971) and Samorodnitsky and Taqqu (1994) for further refer-

ence on S aS distributions and processes.



For T = Z or R, {X}},cr« 1s called a symmetric a-stable (S @S ) random field if for
all ¢,¢h,...,¢c, € R, and t1,t5,...,4; € TY, ZI;':l ;X follows a symmetric a-stable

distribution. A random field {X,},c7« is called stationary if

4

(X)) ={X,,,} forallseT?.

Stationarity means that the law of the random field is invariant under the action of the

group of shift transformations on the index-parameter t € T¢.

1.1 Integral Representation and Structure Results

It has been known since Bretagnolle et al. (1966) and Schreiber (1972) that a measurable

stationary S @S random field, {X,},c7«, has an integral representation of the type

Xtiff,(s)M(ds), teT?, (1.1.1)
S

where M is a S @S random measure on some standard Borel space (S, S) with o-finite
control measure u and f, € L%(S,u) for all t € T9. See also Schilder (1970), Kuelbs
(1973), and Samorodnitsky and Taqqu (1994). The structure of measurable stationary
SaS$ random fields was studied in detail by Rosinski (1995) for d = 1 and Rosiniski
(2000) for a general d > 1, where using certian rigidity properties of spaces L%, 0 < a <
2, it was established that for such random fields {f;} in (1.1.1) can be chosen to be of the

form

dpo ¢,
du

1/a
fi(s) = C:(S)( (S)) fod(s), teT?, (1.1.2)

where f € L¥(S, 1), {¢:},era is a nonsingular group action of the group 79 on (S, u) (i.e.,
(t,s) — ¢,(s) is a measurable map T¢ x § — S such that ¢,,,(s) = ¢,($,(5)), do(s) = s
and yu ~ p o ¢, for all u,v,t € T?), and {c,};cz¢ is a measurable cocycle for {¢,} taking

values in {—1, +1} (i.e., (t, s) = ¢,(s) is a measurable map T¢ x § — {—1, +1} such that



for all u,v € T, cu(s) = c,(s)cu(@y(s)) for p-a.a. s € S). Conversely, if {f;} is of
the form (1.1.2) then {X;} defined by (1.1.1) is a stationary S @S random field. See, for
example, Aaronson (1997), Varadarajan (1970), and Zimmer (1984) for discussions on

nonsingular (also known as quasi-invariant) group actions.

Using the integral representation (1.1.1) of the form (1.1.2) a unique in law decom-
position of {X,} into three independent stationary S S random fields was obtained in

Rosinski (2000), namely,
X 2xV4+x?4+x¥, rer?,

where {Xt(l)},er is a superposition of moving averages (the so-called mixed moving av-
erage in the terminology of Surgailis et al. (1993)), {Xt(z)},er is a harmonizable random
field, and {X,G)}ter is a stationary S @S random field with no mixed moving average or
harmonizable component. In the one-dimensional case (Rosinski (1995)) this decom-
position was connected to the ergodic theory of nonsingular flows (see, for example,
Aaronson (1997) and Krengel (1985)) using Krengel’s theorem classifying dissipative
flows (see Krengel (1969)). However, this connection was missing in the d > 1 case
because of the unavailability of Krengel’s theorem. In this work, we have been able to
remove this obstacle elaborating on Theorem 2.1 in Rosinski (2000). In particular, we
have been able to extend Theorems 4.1 and 4.4 in Rosinski (1995) to the d > 1 case. In
the discrete-parameter case, these results have obvious extensions to the stationary S aS

random fields indexed by countable groups.

Using the language of positive-null decomposition of nonsingular flows (see Sec-
tion 1.4 in Aaronson (1997) and Section 3.4 in Krengel (1985)) another decomposition
of measurable stationary S @S processes was obtained in Samorodnitsky (2005) and this
decomposition was used to characterize the ergodicity of such a process. Decomposi-

tions based on ergodic theory of nonsingular flows were also obtained for self-similar



S aS mixed moving average processes (with stationary increments) in Pipiras and Taqqu
(2002a) and Pipiras and Taqqu (2002b). The random field analogues of these decompo-

sition results are still unknown.

1.2 Long Range Dependence and Extreme Value Theory

Long range dependence (also known as long memory), a property observed in many real
life processes, refers to dependence between observations X, far separated in ¢. Histori-
cally, it was first observed by the famous British hydrologist Harold Edwin Hurst, who
noticed an empirical phenomenon (now known as the Hurst phenomenon; see Hurst
(1951) and Hurst (1955)) while looking at measurements of the water flow in the Nile
river. In the 1960s a series of papers of Benoit Mandelbrot and his co-workers tried
to explain the Hurst phenomenon using long range dependence. See Mandelbrot and
Wallis (1968) and Mandelbrot and Wallis (1969). From then on processes having long
memory have been used in many different areas including but not limited to economics,
internet modelling, climate studies, linguistics, DNA sequencing, etc. For example,
recent statistical data for financial markets and network traffic suggests use of models
having long memory. See Lobato and Velasco (2000), and Willinger et al. (2003). For a
detailed discussion on long range dependence, see Samorodnitsky (2007) and the refer-

ences therein.

Surprisingly, very few of these publications gives a formal definition of long range
dependence. Even if definitions are given, they vary from author to author. Most of the
classical definitions of long range dependence appearing in the literature are based on
the second-order properties (e.g., covariances, spectral density, and variances of partial

sums, etc.) of stochastic processes mainly because of their simplicity and statistical



tractability. For example, one of the most widely accepted definitions of long range
dependence for a stationary Gaussian process is the following: we say that a stationary
Gaussian process has long range dependence if its correlation function decays slowly
enough to make it not summable. In the heavy tails context, however, this definition
becomes ambiguous because the correlation function may not even exist in the heavy
tails case and even if it exists it may not have enough information about the dependence
structure of the process. Covariance-like functions have been tried (see, for example,
Astrauskas et al. (1991), Maejima and Yamamoto (2003), and Magdziarz (2005)) but

their usefulness seems to be limited.

In the context of stationary SaS processes (0 < a < 2), instead of looking for a
substitute for correlation function, Samorodnitsky (2004a) suggested a new approach
through phase transition phenomena as follows: Suppose that (Py, 6 € ®) is a family of
laws of a stationary stochastic process, where 6 is a parameter of the process lying in a
parameter space O. If ® can be partitioned into @y and ®, in such a way that a signifi-
cant number of functionals acting on the sample paths of this stochastic process change
dramatically as we pass from @, to ®;, then this phase transition can be thought of as
a change from short memory to long memory. In the aforementioned papers, the partial
maxima of measurable stationary S @S processes and its rate of growth are considered
(see Samorodnitsky (2004a) for the discrete parameter case and Samorodnitsky (2004b)
for the continuous parameter case) and a transition boundary is observed based on the
ergodic theoretical properties of a highly infinite-dimensional parameter of the process,

namely the underlying group action {¢,} as in (1.1.2).

Motivated by the classical extreme value theory and the approach to long range

dependence mentioned above, we look at the partial maxima sequence

M,= max |X/|, n=1,2,3,...
lflleo<n, 120



for the discrete-parameter case, and the maxima process

M.= sup [X{|, >0

lltllco <7, 720

for the continuous-parameter case with the assumption that the random field is locally
bounded (i.e., M, < oo with probability 1 for all 7 > 0). Here ¢t > 0 means all the co-
ordinates of ¢ are nonnegative. In the continuous-parameter case, we first establish that
any stationary measurable random field is continuous in probability and then use a sep-
arable version of the field to define M, without running into any measurability problem.
This continuity result follows from Banach’s theorem for Polish groups (see Section 1.6
in Aaronson (1997)). In the d = 1 case, the corresponding result for measurable pro-
cesses with stationary increments was proved by Surgailis et al. (1998) using a result of

Cohn (1972).

We estimate the rate of growth of M,, and M, as well as compute their scaling limit
whenever the exact rate of growth is known. In the one-dimensional case, similar re-
sults are presented for certain Gaussian processes and diffusion processes in Leadbetter
et al. (1983) and Berman (1992). Some more recent general results can be found in
Albin (1990). Following the arguments in Samorodnitsky (2004a) and Samorodnitsky
(2004b) and using the structure results of S @S random fields, we get that the above par-
tial maxima grow at a rate n/% (%/% in the continuous parameter case) if the underlying
group action is not conservative (see, for example, Aaronson (1997)) and in this case the
scaling limit of the maxima happens to be a Frechet-type extreme value random variable
as in the 1id case. Hence this case can be regarded as the short memory case. On the
other hand, when the group action {¢,} in (1.1.2) is conservative, in general, we can only
prove the maxima to grow slower than n?/ (7%/% in the continuous parameter case). This
slow growth rate of this partial maxima can be explained by the presence of long range
dependence in the random field in parallel to Slepian’s Lemma (see Slepian (1962)) in

the Gaussian case. These results are proved without referring to Maharam’s Theorem



(see Maharam (1964)), which is unavailable in the d > 2 case.

For stationary SaS discrete-parameter random fields generated by conservative ac-
tions, we make further investigations on the actual rate of growth of the partial maxima
sequence M, using the theory of finitely generated abelian groups (see, for example,
Lang (2002)) together with counting of the number of lattice points in dilates of rational
polytopes (see De Loera (2005)). In general, it is easy to observe as in the d = 1 case,
Samorodnitsky (2004a), that this rate of growth can be pretty much anything slower than
n?/® depending on the underlying action and the function f. In some cases, viewing the
action as a group of nonsingular transformations and studying the algebraic structure of
this group we can obtain the effective dimension p < d of the random field, which gives
us better ideas about the rate of growth of the partial maxima as well as the length of

memory of the random field.

1.3 Connections to Point Processes

A point process is a random distribution of points in space. Formally, it can defined as
a random element in the space of Radon point measures on some locally compact topo-
logical space E (the space where the points live) with a countable base. For a thorough
understanding of many structural results in extreme value theory, knowledge of point
processes in essential. Weak convergence of point processes along with a clever use of
the continuous mapping theorem is a very widely accepted and immensely useful tech-
nique to prove various limit theorems for extremes and other functionals of a stochastic
process. See, for example, Resnick (1987) for a discussion on point processes and their

use in extreme value theory. See also Neveu (1977) and Kallenberg (1983).

We are interested in the weak convergence of the sequence of point processes on



e
Il

[—00, c0] — {0}

Ny= ) Gy, n=123,... (1.3.1)

lltllco<n

induced by the discrete-parameter stationary S &S random field {X,} with an appropriate
choice of scaling sequence b, T co. Here d, denotes the point mass at x. For d = 1, this
was considered by Resnick and Samorodnitsky (2004) and it was shown that the point
process sequence can have diverse behavior depending on the ergodic theoretical nature
of of the underlying group action. When the action is dissipative (see Aaronson (1997))
the point process sequence (1.3.1) converges to a cluster Poisson process with b, =
n'/?, whereas no general result is known in the one-dimensional case when the action
is conservative. Cluster Poisson processes were obtained as weak limits also for the
point processes induced by stationary stochastic processes with the marginal distribution
having regularly varying tail probabilities as long as the the stationary process satisfies
some mild mixing conditions (see Davis and Hsing (1995)) or it is a moving average
(see Davis and Resnick (1985)). See also Mori (1977) for various possible weak limits

of a two-dimensional point process induced by strong mixing sequences.

In the general case d > 1, the random field generated by dissipative actions show
the exact same behavior as in the one-dimensional case, namely, N, converges to a

cluster Poisson process with b, = n/.

This limiting behavior of the point process
even when the dependence structure is no longer weak or local reflects the fact that
the memory of the random field is short. For the long memory case, (i.e., when the
underlying group action is conservative) we can comment on the limiting behavior of
N, provided the exact intrinsic dimension p < d of the field is known so that we can
use a scaling sequence b, = n”/*. Long memory of the random field leads to clustering
of observations with really large cluster size. Hence, we need to normalize the point

process itself in order to ensure weak convergence. (See also Example 4.2 in Resnick

and Samorodnitsky (2004).) This normalized point process sequence can be shown to



converge weakly to a random measure which is not a point process using group theory
and some basic counting arguments. In other words, we observe a phase transition
phenomenon for the point process sequence which can also be regarded as a transition

from short memory to long memory.

1.4 Outline of Dissertation

As mentioned earlier, we study the properties of stationary symmetric a-stable (0 < a <
2) random fields in this thesis. In Chapter 2 and 3 we discuss the discrete-parameter

fields and the continuous-parameter case is considered in Chapter 4.

In Chapter 2 we establish a connection between the structure of a stationary symmet-
ric a-stable discrete-parameter random field and ergodic theory of non-singular group
actions, elaborating on a previous work by Rosiriski (2000). With the help of this con-
nection, we study the extreme values of the field over increasing boxes. Depending
on the ergodic theoretical and group theoretical structures of the underlying action, we

observe different kinds of asymptotic behavior of this sequence of extreme values.

Chapter 3 deals with the point process (1.3.1) induced by the random field and its
weak convergence. We consider two cases depending on whether the underlying group
action is dissipative or conservative. In the dissipative case we establish that the point
process converges to a cluster Poisson process following verbatim the proof in the d = 1
case in Resnick and Samorodnitsky (2004). Due to longer memory in the conservative
case, the points cluster so much that we need to normalize the point process itself in
order to ensure weak convergence. This normalized point process sequence converges
weakly to a random measure but not a point process provided we know the exact effec-

tive dimension of the random field.



We first develop the theory of nonsingular R?-actions in Chapter 4 and then use
it to describe the structure of measurable stationary symmetric @-stable continuous-
parameter random fields in parallel to the discrete-parameter case. In this chapter, we
also estimate the rate of growth of the extreme values of the field over increasing hyper-

cubes.

10



Chapter 2

Discrete Parameter Fields
2.1 Introduction

In this chapter we study the structure of stationary symmetric a-stable discrete-
parameter non-Gaussian random fields and their long range dependence. Recall that
a random field {X;},cz« is called a symmetric a-stable (S @S) random field if for all
C1,Cas...,Cr € R, and t1,ty,..., 4 € 79, Z’J‘.zl ¢;X,, follows a symmetric a-stable dis-
tribution. In this chapter we will concentrate on the non-Gaussian case, and hence, we
will assume 0 < @ < 2, unless mentioned otherwise. For further reference on S @S dis-
tributions and processes the reader is recommended to read Samorodnitsky and Taqqu

(1994). A random field {X,},cz« is called stationary if
(X)) £ (X,,} forallseZ. (2.1.1)

Stationarity means that the law of the random field is invariant under the action of the

group of shift transformations on the index-parameter ¢ € Z<.

Our first task is to establish a connection between the ergodic theory of nonsingu-
lar Z?-actions (see Section 1.6 of Aaronson (1997)) and S S random fields. Using the
language of the Hopf decomposition of nonsingular flows a decomposition of stationary
SaS processes was established in Rosinski (1995). For a general d > 1 a similar de-
composition of S @S random fields into independent components was given in Rosiniski
(2000). We show the connection between this decomposition and ergodic theory. This
is done in Section 2.3, without referring to the Chacon-Ornstein theorem, which is un-

available in the case d > 1.

11



More generally, if (G, +) is a countable abelian group with identity element 0, then
a random field {X,},; is called G-stationary if (2.1.1) holds for all s € G. Most of
the structure results in Section 2.3 have immediate analogs for G-stationary fields. We
will present these in details in Section 2.4. Even though our main interest lies with Z<-
indexed random fields, at a certain point in this chapter a more general group structure

will become important.

We use the connection with ergodic theory to study the rate of growth of the partial
maxima sequence {M,,} of the random field {X;} as 7 runs over a d-dimensional hypercube
with an increasing edge length n. In the case d = 1 it has been shown in Samorodnitsky
(2004a) that this rate drops from n!/® to something smaller as the flow generating the
process changes from dissipative to conservative. One can argue that this phase transi-
tion qualifies as a transition between short and long memory. In this chapter we establish

a similar phase transition result for a general d > 1.

In Section 2.5, we discuss the asymptotic behavior of a certain deterministic se-
quence which controls the size of the partial maxima sequence {M, }. The treatment here
is different from the one-dimensional case due to unavailability of Maharam’s theorem
(see Maharam (1964)) in the case d > 1. In Section 2.6 we calculate the rate of growth
of partial maxima of the random field. We show that the rate of growth of M, is equal

d/a

to n“/® if the group action has a nontrivial dissipative component, and is strictly smaller

than that otherwise.

We discuss connections with the group theoretical properties of the action in Section
2.7. For SaS$ random fields generated by conservative actions, we view the underlying
action as a group of nonsingular transformations and study the algebraic structure of
this group to get better estimates on the rate of growth of the partial maxima. Examples

illustrating how the maxima of a random field can grow are discussed in Section 2.8.

12



2.2 Some Ergodic Theory

The details on the notions introduced in this section can be found, for example, in Aaron-
son (1997). Unless stated otherwise, the statements about sets (e.g., equality or disjoint-
ness of two sets) are understood as holding up to a set of measure zero with respect to

the underlying measure and all the groups are assumed to be abelian.

Suppose (S, S, u) is a o-finite standard measure space and (G, +) is a countable
group with identity element 0. A collection of measurable maps ¢, : S — S, r € G is

called a group action of G on § if

1. ¢y is the identity map on S, and

2. ¢yy=¢,0¢, forallu,veG.

A group action {¢,};,cc of G on S is called nonsingularif po ¢, ~ uforallt € G.

A set W € S is called a wandering set for the action {¢,},¢ if {¢,(W) : t € G} is
a pairwise disjoint collection. The following result (see Proposition 1.6.1 of Aaronson

(1997)) gives a decomposition of S into two disjoint and invariant parts.

Proposition 2.2.1. Suppose G is a countable group and {¢,} is a nonsingular action of
GonS. Then S = CU D where C and D are disjoint and invariant measurable sets

such that

1. D= U ¢.(W.) for some wandering set W, ,

teG

2. C has no wandering subset of positive measure.

13



D 1s called the dissipative part, and C the conservative part of the action. The action {¢,}

is called conservative if S = C and dissipative if § = D.

An action {@;}cg is free if u({s € S : ¢,(s) = s}) = 0 for all t € G — {0}. Note
that this definition makes sense because (S,S) is a standard Borel space and hence
{s eSS : ¢(s) = s} €S8. The following result is a version of Halmos’ Recurrence

Theorem for a nonsingular action of a countable group.

Proposition 2.2.2. Let {¢,} be a nonsingular action of a countable group G. If A € S
and A C C, then

Zleqﬁ,:ooa.e. onA.

teG

Proof. Define
F :={s €S : there exists t € G, t # 0 such that ¢,(s) = s}.

Observe that F is {¢,}-invariant. Restrict {¢,} to S — F. Let C; be the conservative part of
the restriction. It is easy to observe that A N F° C C; for all A € C. Since the restricted
action is free by Proposition 1.6.2 of Aaronson (1997), we have

ZIAOQS,ZZIMFCOQSI:ooa.e. on AN F°.

teG teG

Clearly,

ZIA0¢,:ooa.e. onANF.
teG

This completes the proof. O

Recall that the dual operator of a nonsingular transformation 7" on § is a linear

operator T on L'(S, x) such that

fff.gdu = ff.g oTdu forall feL'(u)and g € L¥(u).
s s

14



In particular, if 7 is invertible, then

duoT™!

foT™ ' forall feL (),
du

Tf=
see Section 1.3 in Aaronson (1997). The following proposition, which is an extension of
Theorem 1.6.3 of Aaronson (1997) to not necessarily measure-preserving transforma-

tions, gives a description of the conservative part of a nonsingular group action {¢,},cc

in terms of the operators ¢;, ¢ € G for a countable group G.

Proposition 2.2.3. If G is a countable group and {¢,} is a nonsingular action of G on S

then for all f € L'(u), f > 0,

C={seS :Z@tf(s):oo}.

teG

Proof. Fix f € L'(u), f > 0. We will first establish that

[, df =) 2C.

teG

IfAeS, ={BeS: u(B)>0}and

Z‘;tf<°°

teG

on A, then there exists B € S, , B C A, such that

[Qandu<e

teG
It follows that

fs £ Iso ¢)du < o,

teG
whence, since f > 0 a.e.,

ZIBO¢,<ooa.e.

teG
and by Proposition 2.2.2, B € D. This proves that

[, =el2C.

teG

15



Conversely, if W € S, is a wandering set, and f € L'(u), f > 0, then

Z&,f< 0 ae.on W,

teG

since
f O uf)du = f £ Iwo ¢ du <IIfll < o.
W teG S teG
Thus,
> dif <]2D. 0
teG

The following is an immediate corollary, particularly suitable for our purposes.

Corollary 2.2.4. If G is a countable group and {¢,} is a nonsingular action of G then

duo ¢,
[; Mdﬂ¢fo¢;=00]:CforallfeLl(,u),f>0.

Proof. This follows from Proposition 2.2.3 and the fact that

dof1 _
ped fo(btl:

¢ f = du —d,u

Note that, as mentioned earlier, the equalities of sets in Proposition 2.2.3 and Corol-

lary 2.2.4 above hold up to sets of y-measure zero.

2.3 Stationary Symmetric Stable Random Fields

Suppose X = {X;},cz¢ 1s a S @S random field, 0 < & < 2. We know from Theorem 13.1.2

of Samorodnitsky and Taqqu (1994) that it has an integral representation of the from

x, £ f f(s)M(ds), teZ9, 2.3.1)
S

16



where M is a S @S random measure on some standard Borel space (S, S) with o-finite
control measure u and f, € L*(S,u) for all t € Z¢. Note that f;’s are deterministic
functions and hence all the randomness of X is hidden in the random measure M, and
the inter-dependence of the X;’s is captured in {f;}. The representation (2.3.1) is called
an integral representation of {X,}. Without loss of generality, we can also assume that

the family { f;} satisfies the full support assumption
Support(f,, t € Z) = 5, (2.3.2)

because, if that is not the case, we can replace S by S, = Support(f;, t € Z%) in (2.3.1).

If, further, {X,} is stationary, then the fact that the action of the group Z“ on {X,},cz«
by translation of indices preserves the law, and certain rigidities of spaces L, @ < 2
guarantee existence of integral representations of a special form. We first introduce the

following

Definition 2.3.1. An integral representation {f;} € L*(S,S,w) of a SaS random field
is said to be minimal if (2.3.2) holds, and for every B € S there exists a C € o{f,/f: :
t,T € Z4} such that u(BAC) = 0.

Existence of minimal representations was proved in Hardin (1982). In general, it is
rather difficult to verify whether a given representation is minimal. It has been estab-
lished in Rosiniski (1995) for d = 1 and Rosiniski (2000) for a general d that every
minimal representation of a stationary S @S random field is of the form

dpo ¢,
du

1/a
fils) = Ct(S)( (S)) fogls), teZ?, (2.3.3)

where f € LS, 1), {¢};cz¢ is a nonsingular Z?-action on (S, i) and {c,},cz« is a mea-
surable cocycle for {¢;} taking values in {—1, +1}, i.e., each ¢, is a measurable map

¢, : S — {=1,+1} such that for all u,v € Z¢
Cun(8) = CV(S)CM((]%(S)) for p-a.a. s €S.

17



Conversely, if {f;} is of the form (2.3.3) then {X;} defined by (2.3.1) is a stationary S &S

random field.

Although the integral representation of a S @S random field is not completely unique,

the following rigidity result is available in Remark 2.5 of Rosifiski (1995).

Proposition 2.3.1. Let { f,(i)},ezd C L%S;,S;,u), i = 1,2 be two integral represen-

tations of a SaS random field {X,} such that { ,(1)} is minimal and { ,(2)

} satisfies
Useza Support( ft(z)) = S,. Then there exists measurable functions ® : S, — S| and

h:S, — R —{0} such that, for each t € 7.¢,

ft(z)(s) = h(s) ft(l)(CD(s)) for uy-a.a. s €S, (2.3.4)

and

ui(A) = f |h($)|"ux(ds) forall A € S, . (2.3.5)
®-1(4)

Remark 2.3.2. In the above proposition, (2.3.4) holds even if we drop the minimality

of {£"} (see Theorem 1.1 of Rosiriski (1995)).

We will say that a stationary S @S random field {X,}z« 1s generated by a nonsingular
Z“-action {¢,} on (S, ) if it has a integral representation of the form (2.3.3) satisfying
(2.3.2). With this terminology, we have the following extension of Theorem 4.1 in

Rosinski (1995) to random fields.

Proposition 2.3.3. Suppose {X,},cza is a stationary S aS random field generated by a
nonsingular 7.%-action {¢,} on (S, u) and { f;} is given by (2.3.3). Also let C and D be the
conservative and dissipative parts of {¢;}. Then we have

C = {seS:Zlf,(s)l":oo} mod u, and

teZd

D = (s€8: ) |fls)" <o} modpy.

teZd

18



In particular, if a stationary S aS random field {X,},c74 is generated by a conservative
(dissipative, resp.) Z%-action, then in any other integral representation of {X;} of the
form (2.3.3) satisfying (2.3.2), the Z%-action must be conservative (dissipative, resp.).
Hence the classes of stationary S aS random fields generated by conservative and dis-

sipative actions are disjoint.

Proof. Define g as

duo ¢,
e = Y e LTI

d,
uezd

where @, > Oforallu € Z%and .z« @, = 1. Clearly g € L! and by (2.3.2), g > O a.e. u.

Since

d/'l o ¢l‘ dlu 0 ¢t a _ a
D gp 80l = D T e 4" = Q1)

teZ4 teZ4 teZ4

we can use Corollary 2.2.4 to establish the first part of the proposition. For the second

part, let {i,} be a Z?-action on (Y, v) which also generates {X,},cz«. This means

d 1/a
g;=ut( vol//z) gou,, te7!
dv

is another representation of {X;} satisfying the full support condition (2.3.2), where g €

L*(Y,v), and {u,},cz« 1s a cocycle for {¢,}. We have to show {i,} is conservative as well.

Since {¢,} is conservative, by the first part of this proposition we have u(S —Cy) =0

where

Co:={s€S: Y 1A = oo}.

teZd

Since Cy is {¢,}-invariant, we can restrict { f;};,cz« to Cy. Call this restriction { f?},ezd . By
Remark 2.3.2 there exists measurable functions ® : ¥ — Cyand /& : Y — R — {0} such

that for each ¢ € Z¢,

g(y) = h(y) 2 (D(y)) forv-aay.

19



Since ®(y) € Cy, we obtain for v-a.a. y

D 1N = o) " [f(@O)|" = oo

rezd i/
Hence {if,} is a conservative Z%-action by another application of the first part of this
result. A proof in the case when {X,} is generated by a dissipative Z“-action is similar.

O

As in the one-dimensional case, it follows that the test described in the previous
proposition can be applied to any full support integral representation of the process, not

necessarily that of a specific form.

Corollary 2.3.4. The stationary SaS random field {X,},cza is generated by a conser-
vative (dissipative, resp.) Z-action if and only if for any (equivalently, some) integral
representation (2.3.1) of {X,} satisfying (2.3.2), the sum

DIk

ez
is infinite (finite, resp) u-a.e. .

Proof. Fix a minimal representation { f,(l)

} € LS, uy) of {X,} and apply Proposition
2.3.1 with {f®} = {f,}. Then, by (2.3.4) we have

F=®"'F) modu, (2.3.6)
where

F={seS: > |fs)I" < oo, and

€74

Fi={sieSi: ) I snl" < o).

te74
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Hence, by (2.3.5) and (2.3.6),

Dl =0 pae. e uF)=0

tezd
— [ Iorus =0
— wu(F))=0
— Z|ft(l) ‘=00 peae..
174

Similarly we can show

Z Ifi]* < oo p-ae Z |ft(1)|a < oo p-a.e.,

v/ teZd

and since { ,(1)} is of the form (2.3.3) and satisfies (2.3.2), this corollary follows from

Proposition 2.3.3. m|

Proposition 2.3.3 also enables us to extend the connection between the structure of
stationary stable processes and ergodic theory of nonsingular actions (given in Rosifiski
(1995)) to the case of stationary stable random fields. A decomposition of a stable
random field into three independent parts is available in Rosinski (2000). A connection
with the conservative-dissipative decomposition is still missing in the case of random
fields. Here we provide the missing link. A stable random field X is called a mixed
moving average if it can be represented in the form

X < { v, 1+ 5) M(dv, ds)} : 2.3.7)
WxZz4

te74

where f € L*(W X 7% v®1),lis the counting measure on 74, v is a o-finite measure on
a standard Borel space (W, ‘W), and the control measure u of M equals v ® [ (see Sur-
gailis et al. (1993) and Rosiniski (2000)). The following result gives another equivalent

characterization of stationary S @S random fields generated by dissipative actions.

Theorem 2.3.5. Suppose {X,},cza is a stationary S aS random field. Then, the following

are equivalent:
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1. {X,} is generated by a dissipative 7%-action.

2. For any integral representation {f;} of {X,}, we have
DA < o for paa.s.
te74

3. {X;} is a mixed moving average.

Proof. 1 and 2 are equivalent by Corollary 2.3.4, and 2 and 3 are equivalent by Theorem
2.1 of Rosinski (2000). mi

Theorem 2.3.5 allows us to describe the decomposition of a stationary S &S random
field given in Theorem 3.7 of Rosifiski (2000) in terms of the ergodic-theoretical prop-
erties of nonsingular Z?-actions generating the field. The statement of the following
corollary is an immediate extension of the one-dimensional decomposition in Theorem

4.3 in Rosinski (1995) to random fields.

Corollary 2.3.6. A stationary S aS random field X has a unique in law decomposition
X, £ x°+x?2, (2.3.8)

where X¢ and X? are two independent stationary S aS random fields such that X? is a

mixed moving average, and XC is generated by a conservative action.

As in the one-dimensional case, it is possible to think of stable random fields gener-
ated by conservative actions as having longer memory than those generated by dissipa-
tive actions, simply because a conservative action “keeps coming back”, and so the same
values of the random measure M contribute to observations X, far separated in . From
this point of view, the Z-action {¢,} is a parameter (though highly infinite-dimensional)
of the stationary S @S random field {X,} that determines, among others, the length of its

memory.

22



2.4 Random Fields Indexed by Countable Groups

As mentioned before, all of the structure results of Section 2.3 extend immediately to
G-stationary random fields for countable abelian groups G more general than Z¢. The
only place where an additional argument is needed is the equivalence of parts 2 and 3
in Theorem 2.3.5, with a G-mixed moving average defined in parallel to (2.3.7). This
equivalence needs an extension of Theorem 2.1 in Rosinski (2000) to general count-
able abelian groups. In this section we establish this extension following verbatim the

original proof.

Let (G, +) be a countable abelian group with identity element 0. Assume, in this
section, that X = {X,},cc is a stationary S aS random field indexed by G. As in the Z¢

case, X is called a mixed moving average if it can be represented in the form

d

X = {f gv,t+ 5) M(dv, ds)} , 2.4.1)
WxG teG

where g € L*(W X G,v ® ), [ is the counting measure on G, v is a o-finite measure
on a standard Borel space (W, W), and the control measure u of M equals v ® [. The
following result is a generalization of Theorem 2.1 in Rosifiski (2000) and characterizes

mixed moving averages indexed by countable abelian groups.

Theorem 2.4.1. Suppose {f; : t € G} C L*(S, u) is an arbitrary integral representation

of X. Then X is a mixed moving average if and only if

DA < peae.. (2.4.2)

teG

Proof. First we will prove the necessity of (2.4.2). Suppose that X has a representation

(2.4.1). Without loss of generality, we may assume that

Support(f,, 1€ G) =S , (2.4.3)
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and

Z lgw, D)|* < oo forallwe W.

teG
By Theorem 1.1 of Rosifiski (1995), there exist functions ® : § — WxG, ® = (P, ©,),

and i : § — R — {0} such that

Ji(s) = h()g(@1(5), D2(s) + 1) [®p-ae.,

which yields (2.4.2).

The proof of the sufficiency goes through a series of steps modifying the representa-

tion { f;},cc until the desired form (2.4.1) is obtained.

Step 1. Let {g, : t € G} C L*(W,v) be a minimal representation of X. Then

g'w):= Z lg(W)* <0 v-ae.. (2.4.4)

teG

Proof of Step 1. Since (2.4.3) holds, by Remark 2.5 in Rosiniski (1995) there exist mea-

surable maps ¥ : § — Wand h: S — R — {0} such that, for each 7 € G,

fi(s) = h(s)g(¥(s)) p-ae. (2.4.5)

and o W ~v. Let W, 1= {w : Y,clgi(W)|* = oo}. From (2.4.2) and (2.4.5) we get
u(?~'(Wy.)) = 0, which gives (W,,) = 0 and proves (2.4.4). m]

Using same arguments as in Theorem 3.1 in Rosiniski (1995), we infer that there

exists a nonsingular G-action {¢,} on (W, v) and a cocycle ¢, : W — {—1, +1} such that

dv o 1/a
& = Ct( dv¢t) god, 1eC. (2.4.6)

Step 2. Under the assumptions of Step 1, there exists a {¢,},cg-invariant measure 4 on W

which is equivalent to v.
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Proof of Step 2. In view of (2.4.4), the measure A given by
A(dw) := g*(w)v(dw)

is absolutely continuous with respect to v. Let Wy := {w : g*(w) = 0}. We have

0=f g'dv = lg/|“dv .
Wo ; Wo t

Then fWO |g/|*dv = 0 for all r € G and hence W, is disjoint (mod v) with Support(f; : ¢ €

G). From the minimality of {g;},.¢c we get v(W;) = 0, showing that A is equivalent to v.

To prove that A is invariant, choose 7 € G and A € W. We have

Ap-(A)) = f 14(¢—-(W))g" (W)v(dw)
w

dvo
16~
DI RZCEEE

teG

P )lgo( ) V()

4

dv o ¢,
D f 1002 B g0y 9)I 7 © 6 (dw)
G YW v

dv o ¢+
fW Li(w) (Z;‘ %(wngowm(w)r’ V(dw) = A(A) .

This completes the proof of Step 2.

Step 3. Define
h(w) = c:(w)h(:i(w)),

where h := (g*)""/%g,. Then {h, : t € G} C L*(W, Q) is a representation of X such that,

for 1-a.a. we W,

DIt =1, (2.4.7)

teG

Proof of Step 3. From the equality

_d/lo(lst _dV°¢t g o,

dA dv g

1
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we get

" 1/a
8 = ct( *g ) good, =(g)"h,
g oo

or
h, = (8*)_1/agt s

proving that {/,},c¢ € L*(W, Q) is a representation of X. Since the last equality holds

mod A, for each f € G, (2.4.7) follows.

Notice now that the set {w : s |h(¢;(W))|* = 1} is {¢,}-invariant. Therefore, re-
moving from W the complement of this set, which is of measure zero by (2.4.7), does
not affect the representation {/,},cc. Hence we may and do assume that (2.4.7) holds for

allwe W.

Step 4. There exists a sequence of {¢,}-invariant real-valued Borel functions on W which

separate the orbits of {¢,}c.

Proof of Step 4. We will now employ some topological arguments. By Theorem 8.7 of
Varadarajan (1970), W can be considered as a Borel subset of a compact metric space W
on which the action {¢,},c; is defined, W is {¢,}-invariant, and for all t € G, w — ¢,(w)

is a continuous map on W.

Let {A,} be the sequence of finite unions of finite intersections of sets from a count-

able topological basis of W. Let
A=A, 0 {w € W [h(w)| > m™'}.
Since fw |h|*dA < oo, A(A,,) < oo for every n,m > 1. Define

(W) = Y La,, (1))

teG
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Notice that

(W) < " Th(@ W) = m* < oo,

teG
for every w € W, n,m < 1 and clearly u,,, is {¢,}-invariant. We will show that {u,,,},,u>1

separate the orbits of {¢,},c;-

Suppose that wy and w; live on different orbits. We first claim that for some n,m > 1,
Upn(Wy) > 1. (2.4.8)

Indeed, from (2.4.7) (which now holds for all w € W) we infer that there exist m > 1

and ty € G such that |h(¢,,(w1))| > m~'. Furthermore, there exists n > 1 such that

¢,(w1) € A,. Hence, ¢, (w) € A,,, which proves (2.4.8). Now we will show that w,

and w, can be separated.

Let n,m be as in (2.4.8). If u,,,(w1) # u,,(w>), then there is nothing to prove. Thus
we assume

unm(WZ) = unm(wl) =M2>1.

There exists a finite set K € G such that

D I, @) > % i=1,2. (2.4.9)

tekK

Consider the finite subsets of W given by
Ii:={ow): tekK}, i=1,2.
Since w; and w; live on different orbits, ' NI, = ¢. Hence, there is an n; > 1 such that
A, DIy and A, NI, =¢.

By the definition of the sequence {A;}, A, N A,, = A, for some n’ > 1. Now consider

Uy . In view of (2.4.9) we get

M
rn(91) 2 3 Iriea, B00)) 2 3 L, (@(w) > =

teG teK

27



and

M
ten(02) = ) L, ($i002) < 5.

teK¢

Hence u,,,(w>) < ty,,(w1), which ends the proof of Step 4.

By Step 4 and von Neumann'’s cross-section lemma (see Corollary 8.2 in Varadarajan
(1970), there exists a Borel set W, ¢ W which intersects each orbit of {¢,},c at exactly
one point. (To be exact, this step may require a reduction of W to some {¢,};s-invariant

subset, say, 1717 such that A(W — W) =0.)

Step 5. Let W, be as above. The map @ : Wy x G — W, given by ®(wy, 1) = ¢:(wp), 18
a Borel isomorphism. The measure A o ®, induced on W, x G by the inverse map @

from W, is the product measure of certain measure 1, on W, and the counting measure

on G.

Proof of Step 5. First we will show that @ is one-to-one. Suppose that ®(wy,1;) =
®(wy, ;). Then w; = wy, = wy from the definition of Wy. Thus ¢, (wy) = wy where
ty = t; — t,. Hence h(¢,;,(wo)) = h(wy), for every integer n, which implies #, = O since
(2.4.7) holds for all w € W. Hence @ is one-to-one and clearly onto. Since ® is Borel

measurable, its inverse is measurable by Kuratowski’s Theorem.
Let ®~'(w) = (m(w), 7(w)) and consider Q := 1 o ®. We have
OAXB) =A({w: a(w)e A, T(w)e B}), AeW,BCG.
Since A is {¢,}-invariant by Step 2, we get

O(AX(B+1)

A(w = (g (w)) € A, 7(¢(w)) € B+1})

= A{w: a(w)e A, Ttw)+t€e B+1t}) = Q(AXB).
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Hence Q(A X -) is proportional to the counting measure on G, and consequently, Q(A X

B) = 1y(A)|B|, for some measure Ay on Wj.

The next step ends the proof of the theorem.

Step 6. By Theorem B.9 in the Appendix of Zimmer (1984) it follows that we can

choose {¢;},c¢ 1n (2.4.6) in such a way that for all (u,v,w) e GXGX W

Curv(W) = CV(W)CM(¢V(W)) .

Define

k(wo, 5) := c;(Wo)h(ds(wo))  (wo, ) € Wo X G

Then k,(wy, s) := k(wy, t + 5) is a representation of X in L*(Wy X G, 1y ® I).

Proof of Step 6. For every ay,a,,...,a, € Rand t,t,,...,t, € G we have

f > ak, 0w, 9)| Ao(dwo) 1)
WoxG

- LOXG
_ fw > agh )| Adw)

which ends the proof of Theorem 2.4.1. O

D aje (@Owo, s)h(, @0wo, 5)| do(dwo) I(ds)

Remark 2.4.2. Theorem 2.3.5 (and hence Corollary 2.3.6) holds in the countable
abelian group case as well. Since all the other structure results extend easily, the equiv-
alence of 1 and 2 can be established in the same fashion as in the Z¢ case. Equivalence

of 2 and 3 follows from Theorem 2.4.1.

29



2.5 The Sequence b,

The length of memory of stable random fields is manifested, in particular, in the rate of
growth of its extreme values. If X, is generated by a conservative action, the extreme
values tend to grow at a slower rate because longer memory prevents erratic changes in
X, even when f becomes “large”. This has been formalized in Samorodnitsky (2004a)

for d = 1, and it turns out to be the case for stable random fields as well.

For a stationary SaS random field {X;},cz«, we will study the partial maxima se-

quence
M, := max |X,|, n=0,1,2,... (2.5.1)
0<t<(n-1)1
where u = WP, u®, ..., u?) < v = GO, VD, ... vD) means u® < v® for all i =
1,2,...,dand 1 = (1,1,...,1). Asin the one-dimensional case, the asymptotic behavior

of the maximum functional M, is related to the deterministic sequence

1/a
b, = ( max)llf,(s)la,u(ds)) , n=0,1,2,... . (2.5.2)

5 0<t<(n-1

In fact, to a certain extent b, controls “the size” of M, even without the assumption of
stationarity of the random field. Indeed, for any O < p < «, (see Theorem 2.1 of Marcus

(1984)) there are constants ¢, p, C, , € (0, 00) such that, for I < a < 2,
Cap S FEMDY? < C,p(logm), (2.5.3)
where ’ is such that 1/a + 1/a’ = 1, while fora =1,
cp< (EMDYP <C Ly, (2.5.4)
where L, := max(1,logd + loglogn), and for0 < @ < 1,
crp < bln(EM,’,’)”f’ <Ci,. (2.5.5)
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Note that b, is completely determined by the process, and does not depend on a par-
ticular integral representation (see Corollary 4.4.6 of Samorodnitsky and Taqqu (1994)).
We are interested in the features of this sequence that are related to the decomposition
of a stable random field in Corollary 2.3.6. The next result shows that the sequence
b, grows at a slower rate for random fields generated by a conservative action than for

random fields generated by a dissipative action.

Proposition 2.5.1. Let {f;} be given by (2.3.3). Assume that (2.3.2) holds.

1. If the action {¢,} is conservative then:

w4y, - 0 asn— oo. (2.5.6)

2. If the action {¢,} is dissipative, and the random field is given in the mixed moving

average form (2.3.7), then:

1/a
lim n9*p, = ( f (g(v))"v(dv)) € (0, c0), (2.5.7)
w

n—oo

where

gv) =sup|f(v,s)| forveW. (2.5.8)

seZ4

Proof. 1. Firstly we observe that, without loss of generality, we can assume that u is
a probability measure. This is because if v is a probability measure equivalent to the

o-finite measure u then instead of (2.3.1) we will use

x < f h,(s)N(ds)
S

where
dv o ¢,
dv

1/a
hi(s) = Cz(S)( (S)) ho¢(s), tel

where h = f(%)l/ “ € L%S,v) and N is a SaS random measure on S with control

measure v.
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Since {b,} is an increasing sequence, it is enough to show (2.5.6) along the odd

subsequence. By stationarity of {X;}, we need to check that

a = an 1)dfmaxlf,(s)|” (ds)y — 0,

where J, = {(i,iz,...,0g) : —n < ij,i,...,iq < n}. Let g =

J; g(s)u(ds) < oo, and we have for 0 < € < 1

an

(2n+1)dfmax¢tg(s),u(ds)

(2n + 1)d

uel,

If1*. Then |[lg]| :=

f max [,2()1(dig(s) < € ) dug(9))|u(ds)

f max [3.g(5)1(Big(5) > € Y dug(s))utd))

ueJ,

= a+d?.

Clearly,
S Ty fsmg(s)u( ) = ellgll.

and

ap < m f $:8()y,, (H)u(ds)

(2.5.9)

(2.5.10)

where A,, = {s : ¢,8(s) > € Yey, ug(s)}, n > 1, 1 € J,. Notice that for all n > 1, and

forallre J,,

ﬁ&tg(S)IAt,n(S)ﬂ(dS):ﬁg(s)%;l(fx,ﬁ)(s)/l(dsy

(2.5.11)

The following is the most important step of this proof: if we define

U, ={(ti,tay...,t0): —n+ [Vn] < ti,ta, ..., ts < n—[Vn]}

then we have

lim max u(¢;"'(A,,)) = 0
n—oo tel,
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To prove (2.5.12) observe that for all r € U,

¢ (Arn)
= 0090 g0 00T > €Y g0 09D
uel,
=[5 50> €3 g0 unt P00
ued,
Clsig>e Y gogus)® ).

TGJ[\/EJ

The last inclusion holds because J; 5 €t + J,,. Hence, for any M > 0

duo ¢,
max u(d; (A) < pls: gls) > eM) +u( Z go¢ ” d) _M)

1€ ym

Ish Z e < ).

teJ

Now (2.5.12) follows by first using Proposition 2.3.3 with a fixed M and then letting

M — oo,

From (2.5.11) and (2.5.12) it follows that

(2n Qn+ 1y Z f¢tg(S)IA,n(S)u(ds)

teU,
=— (Hu(ds) — 0. (2.5.13)
(2” + 1) ,EZU: qu:l(A,‘n) S

If we define V,, = J,, — U,,, then

f Big()La, (s)ulds) < —1>d f dig(u(ds) — 0.

(2n + 1)d 2 =

teV,

Then using (2.5.10) and (2.5.13) we see that af) — 0 as n — oo. Therefore we get,
limsup a, < limsupa'” + lim sup a,(f) < €lgll,

and since € > 0 is arbitrary, the result follows.
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2. We start with the case where f has compact support, that is
S, ) wxi—mime(v, s) = 0 for some m = 1,2, ...
where [u,v] := {t € Z¢ : u < t < v}. In this case, we have

by o= > | max |f@,s+ 0" v(av)

— Jw 0<i<(n=1)1
SE

= Z max |f(v’ s+ t)|aV(dV)
(=m—n+Dl<s<ml w 0st<s(n-1)1

= Z max |f(v,s +1)|“v(dv)

W 0st=(n-1)1

€A
+Z f max  |f(v, s + D*v(dv) =: T, + R,
w

& 0<t<(n-1)1
where
A, = [m-n-1)1,-ml] and
B, = [(-m—-n+D1,ml]—-[(m—-n-1)1,—-ml].

Observe that, for n > 2m + 1 we have for each s € A,,,

max . lf(v, s + 1) = g(v)

0<t<(n—1

while
max ’ lf(v, s+ 1) < g(v)

0<t<(n—-1

for each s € B,, and so,

T,

(n—2m)° f (g()*¥(dv) and
w

R,

IA

[(2m +n)! = (n = 2m)7] f M) v(@dv).
W
Therefore (2.5.7) follows when f has compact support.

In the general case, given € > 0, choose a compact supported f; such that [f.(v, 5)| <

|f(v, s)| for all v, s and

[ reesrvan - Y [ o < e
w w

seZ4 seZ4
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Let

gev) = sup|fi(v,s)|, veEW.

seZ4
Then
0 < f (8" v(dv) - f ()" V(dv)
w w
< f sup(Lf (v, $)I” = |£u(v, $)|)v(dv)
W sezd
< [ Y or - 1ne.rma)
W sezd
= > f F, 9 W@dv) = ) f v, 9I*v(dv) < €.
sezd sezd
Therefore,
1 (04 @
by - f (8" ()
n w
< %IZ f oMax lf (v, s + DI*v(dv)
-2 | pmax 1w+ o)
1 3 @
* @SZZ; fW Jmax (v, s + 0 v(dv) - fW ()" v(dv)
+ | f (8(v)"v(dv) - f W)V = TP+ T2 + T,
w w

By the above, T,?) < €, and the same argument shows that T,gl) < € as well. Further-

more, by already considered compact support case, T® — 0asn — oo. Hence

lim sup I—b“ f (g(W)*v(dv)| < 2e,

n—oo

and since € > 0 is arbitrary, the proof of (2.5.7) is complete. O

Remark 2.5.2. The statement of the first part of the proposition clearly extends to G-
stationary random fields for any free abelian group G of rank d, since the same is true

for Proposition 2.3.3.
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2.6 Maxima of Stable Random Fields

We are now ready to investigate the rate of growth of the sequence {M,,} of partial max-
ima of a stationary symmetric a-stable random field, 0 < @ < 2. We will see that if such
a random field has a nonzero component X? in (2.3.8) generated by a dissipative action,

then the partial maxima grow at the rate n¢/®

, while if the random field is generated by
a conservative action, then the partial maxima grow at a slower rate. As we will see
in the sequel, the actual rate of growth of the sequence {M,} in the conservative case,
depends on a number of factors. The dependence on the group theoretical properties of

the action is very prominent. We start with the following result, which extends Theorem

4.1 of Samorodnitsky (2004a) to d > 1 based on Proposition 2.5.1.

Theorem 2.6.1. Let X = {X,},cz« be a stationary S aS random field, with 0 < a < 2,

integral representation (2.3.1), and functions {f;} given by (2.3.3).

1. Suppose that X is not generated by a conservative action (i.e., the component X? in

(2.3.8) generated by the dissipative part is nonzero). Then

1
—aM, = ClleKyZ, (2.6.1)
n a

1/a
Ky = ( f (g(V))“V(dV))
w

and g is given by (2.5.8) for any representation of X® in the mixed moving average form

as n — oo, where

(2.3.7), C, is the stable tail constant given by

-1 1-a :
* , fa#l,
C, = (f X sinxdx) = { T@rcosimal (2.6.2)
0 2 fa=1,

ﬂ,

and Z, is the standard Frechet-type extreme value random variable with the distribution

P(Z,<2)=e¢"", z>0. (2.6.3)
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2. Suppose that X is generated by a conservative Z%-action. Then

1
—=M, =0 (2.6.4)
n a

as n — oo, Furthermore, with b, given by (2.5.2),

1
{— M,,} is not tight for any positive sequence c, = o(b,), (2.6.5)
Cn
while
1, if 0O<ac<l,
1
{b z Mn} is tight, where {,, = L, if a=1, (2.6.6)

(logn)'”, if l<a<2,
where L, := max(1,logd + loglogn), and for a« > 1, &' is such that 1/a + 1/a’ = 1. If,

for some 8 >0 and c > 0,
b, >cn’ foralln>1, (2.6.7)

then (2.6.6) holds with £, = 1 for all 0 < a < 2. Finally, for n=1,2,..., let n, be a

probability measure on (S, S) with

A, . o N
m (s)=0b, o Hax i, seS, (2.6.8)

and let U;"), Jj = 1,2 be independent S -valued random variables with common law 1n,,.

Suppose that (2.6.7) holds and for any € > 0,
P(for somet € [0,(n—1)1],

AU .
- ]:1,2)40 (2.6.9)
Maxo<u<-n1 [fu(U; )|

as n — oo. Then

1
M, = clez, (2.6.10)

asn — oo,
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Remark 2.6.2. An easily verifiable sufficient condition for (2.6.9) is

lim —2 = oo, (2.6.11)

n—oo pd/2a

Let r, denote the probability in the left-hand side of (2.6.9). Clearly,
U(n) 2
. (% UM >%»
0<r<(n-1)1 maXOSuS(n—l)l |fu(U1 )l
Furthermore, for every ¢ € [0, (n — 1)1],

P( AU >%

Maxo<,<-ni [f(U")]

b f 1( /i) > e) max  £(s)"u(ds)
S

maXop<u<(n-1)1 |fu(s)| 0<us(n-11

swwﬁwwwn

and (2.6.9) follows from (2.6.11) since, by the stationarity, the last integral does not

depend on t.

Alternatively, (2.6.9) holds if we assume that u is a finite measure, {¢,} is measure
preserving, the sequence {b,“ maxo<;<u-11 |fi($|}, t € Z4 is uniformly integrable with

respect to ¢ and for every € > 0

lim n?u{s € § : |f(s)| > eb,} = 0. (2.6.12)

n—oo

Let ||u|| denote the total mass of . Given a § > 0, select M > 0 such that

f 1( max  [£(s)" >be;)
S

a < a
0<i<(n-1)1 gli‘fl)l |f:($)|"u(ds) < ob),

0=<(

for all n > 1. We have with € from (2.6.9),

<48 + 0D ( max  |f,(s)l"
s 0<ug(n-11
0<t<(n-1)1

—lpe o @ (l)
< Aol by < max (o) < Mb;
o I( | /i ()l

maxo<y<n—n | fu($|”

%unf
2

smV-+Aﬁ#(LHvu»>amewmmmun)
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Therefore, using (2.6.12), we obtain,

limsup r, < 462,

n—oo

and (2.6.9) follows by letting 6 — 0.

Proof of Theorem 2.6.1. We start by observing that (2.6.6) follows from (2.5.3) - (2.5.5)
regardless of the properties of the action. For the rest of the proof, we will use the a series

representation of the random vector (X;,0 <t < (n — 1)1) of the form

4 b Cl/az r—l/a

UM

maXozuzu-n1 (U]

(2.6.13)

t€[0,(n - 1]

where C, is given by (2.6.2), &, &, ... are i.i.d. Rademacher random variables (sym-
metric +1-valued random variables), I'},I,,... is a sequence of the arrival times of a
unit rate Poisson process on (0, c0), and {UE.")} are 1.i.d. S-valued random variables with
common law given by (2.6.8). All three sequences are independent. This series repre-

sentation is available in Section 3.10 of Samorodnitsky and Taqqu (1994).

We use the above representation and symmetry to prove (2.6.5). For each n let G,

be the o-field generated by &, {I';};>; and {U( )}J>1 Letting

(n)
_ /.U
Z, = b,C)* max I l/a L )
O=r=(n-11 maXOSuS(ﬂ—l)l |fu(U1 )l

and T, be the smallest (in lexicographical order) ¢ € [0, (n — 1)1] over which the max-
imum is achieved, we see that both Z, and T, are measurable w.r.t. G,. Further, the

symmetry tells us that, for any x > 0,

1
P(Xr| > X1Gn) 2 SP(Zy > XIGn).
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Hence, for any x > 0,

1
P(—Mn > x)
Cn
1 Uy
Z—P(an}/" max FII/C’ S, ‘ n )
2 0<t<(n-1)1

maxo<u<n-n1 | fu(U in))l
L (ija _ Cn 1

as n — oo. Hence lack of tightness follows.

Suppose now that (2.6.7) holds. Let K be a positive integer such that

a(K+1)0 >d. (2.6.14)
We claim that, in this case, for all € > 0 satisfying
1
O<e<—, (2.6.15)
we have
P, max [X|> Ab,. I < el) >0 asn o (2.6.16)
<t<(n—
for all A > 0. Indeed, choose
d
i <p<alK+1). (2.6.17)

Notice that the probability in the left-hand side of (2.6.16) is bounded from above by

PRV (]
D P(|X,|>/lb,,, I

()
0<r<(i-1)1 0552(3?_41)1 /(U7

1/a
flle = (j; If(S)I”,U(dS)) ,

and notice that, for any ¢ € [0, (n — 1)1], the points

<el forallj:1,2,...).

For f in (2.3.3), let

AU

maXop<u<(n-1)1 |fu(U§n))|

-1/ .
bnstj j=12,...
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represent a symmetric Poisson random measure on R whose mean measure assigns a
mass of x™||f1|%/2 to the set (x, co) for every x > 0 (see Propositions 4.3.1 and 4.4.1 of

Resnick (1992))). Since the same random measure can be represented by the points
-1/a .
Eij ”f”a, J= 1,2,...,

we conclude that the probability in (2.6.16) is bounded from above by

—1/a
Z &l

—1/a
Z &l

Jj=K+1
IAREICS” Eg 11
! (1 — eK)P

> A by T < €10, Forall j 2 1)

> (1 - eK)an;‘bn)

As long as the expectation above is finite, the latter expression goes to 0 as n — oo
and hence (2.6.16) follows. The expectation is finite by the choice of p in (2.6.17).
Indeed, notice that ET";” /* < oo forall j > K + 1 and that, by the Stirling formula,
E F;p fa L erlo jP'™ as j — oo. Assuming, without loss of generality, that p/2 = m is an
integer (since we can always increase K and get such a p), we see that for finite positive

constants ¢y, ¢,

IA
D
A
INgk
s
T
IS}
N—
=
N

‘ Z SJF_I/“

j=K+1 j=K+1

IA
2

IA
o
&)

Fix € > 0 satisfying (2.6.15). Given § > 0, choose 1 > 0 such that P(I';"/* > €1) <
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0/2, choose ng such that

0
P( max |X;| > Ab,, Fl_l/a < e/l) <= for n > ny
0<t<(n-1)1 2

and A’ < A such that
P(Mk>/1’bk)ﬁ(5 fork=1,...,ng.

Then

P(biM,, > /1’) )

for all n > 1, and so (2.6.6) holds with ¢, = 1.

Now, suppose that X is generated by a conservative action. Let Y be a stationary
SaS random field independent of X, also given by an integral representation of the

form (2.3.1), say,
Y, = f g(s)M'(ds), teZ’,
S/

where M’ is a S @S random measure with control measure y’, independent of M in the
integral representation of X, with the functions g, also given in the form (2.3.3), with
some nonsingular measure preserving conservative action ¢’ on S’ and such that

1/a

v @,/ d
B z

satisfies (2.6.7) for some 6 > 0. Random fields Y with above properties exist (see
the Example 2.8.2). However, the above step may require enlarging the probability
space we are working with. Let Z = X + Y. Then Z is a stationary SaS random
field generated by a conservative Z?-action. We use its natural integral representation
on S U S’ with the naturally defined action on that space. Let b* be the corresponding
quantity in (2.5.2) defined for the process Z. Note that b* > b} for all n, hence the

random field Z satisfies (2.6.7) as well. By the already proven part of the theorem,
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the sequence (%)™ maxo<ici-11 1Z, n = 1,2,..., is tight. Since for any x > 0 and
n=12,...,

1
P( max |Z]| > x) > —P( max |X,| > x)
0<r<(n-1)1 2 \osi=(n-1)1

by the symmetry of Y, we conclude that the sequence of random variables
(bf)‘1 maxo<<m-11 1Xel, n = 1,2,..., is tight as well. However, the random field Z
is generated by a conservative action and hence, by Proposition 2.5.1, b = o(n?/®).

Therefore, (2.6.4) follows.

Suppose now that (2.6.9) holds. Then for every 1 < j; < j, and € > 0
(n)
RO

J (n) > &
' max U
0<u<(n—-1)1 ul Ji )

P(for some ¢ € [0,(n— D1], T i = 1,2)

<PT, <7)+ P(for some 7 € [0, (n — D],

AU

N
maXo<u<(n-1)1 |fM(Uj )]

er'?, j= 1,2)

for any 7 > 0. Letting first n — oo and then 7 — 0 shows that, for every 1 < j; < j, and

e >0,
lim P(for some t € [0, (n — 1)1],

e RO |
r; Go>ei=12]=0 @618
maxXo<u<(n-1)1 |fu(Ujl. )l

Observe, further, that for any € > 0,

P(for some t € [0, (n — 1)1],

AU
maxocu<(u-nt | fulU E"))I
=: ¢(e) < P(T;"" > €)

l—-—l/a

; > ¢, for at least 2 different j)

J-1 J-1
5 P(forsomete[(),(n—l)l],

J1=1 jp=j1+1
AU

MaXozusn-1 (U

F—l/(z

Ji

€, 1= 1,2)
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forany J = 1,2,.... Letting n — oo and using (2.6.18), and then letting J/ — oo shows

that, for every € > 0

lim ¢'"(e) = 0.

(2.6.19)

Suppose now that both (2.6.7) and (2.6.9) hold. Let K be as in (2.6.14). Lete > 0

and 0 < ¢ < 1 satisfy
1)
O<e<—.
K
For any 4 > 0, we have
P(lM >/l)
b, "

< P(CYTV* > A1 = 0)) + ¢)(C, " €)

s AU
+P(0 ot ZSJFJ_' v — | > Cal
<t<(n— - .
= omax - fuU50
r;Y* < C;'%A(1 - 6), and for each t € [0, (n — D1],
(n)
VR V(e o

a

J
maXozuzu-n1 (U]

(2.6.20)

(2.6.21)

for at most one j = 1,2,...)

=: P(CYTTV" > A(1 = 6)) + o0(C; 7€) + ¢ (€, ).

Proceeding similarly to the argument used in proving (2.6.16), we have

P (€, 0)
c AU
< Z P( ZSJF_‘W — |~ a2
B - J max |f, (U
0<t<(n-1)1 Jj=1 0<u=(n-1)1 J
AU

maXOSuS(n—l)l |fu(U] )l
< C;'’"A(1 — ) foreach j=1,2,...
AU
and I“;l/" — (n)
max | f,(U;")|

0<u<(n-1)1

C,'ea

(2.6.22)

for at most one j = 1,2,...)
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-1 -1
> C(y /(y/ulf”(y bl’l’

—1/a
Z el

< ndP(
j=1

;7 < e ad - o)Iflly b,

and T;"/" < C;”"e/l||f||;1b,,)

and the latter expression goes to zero as n — oo by the choice of € and ¢, as in the proof

of (2.6.16). We conclude by (2.6.19) and (2.6.22) that, for any 0 < 6 < 1,

1
lim sup P(b—Mn > /l) < PCYTT > (1 - 6))
= 1 —exp{=Cod (1 — )},
and letting 6 — 0, we obtain
) 1 _
lim sup P(b—Mn > /1) < 1—exp{-Cod ™). (2.6.23)

In the opposite direction, the argument is similar. For any € and 6 > O satisfying

(2.6.20), we have
P( ! M, > /l)
b, "

> P(C)°T"" > (1 +6)) - ¢V(C,/"€)

= AU
_P(o m(axl)l Z Sfr/_'l/a — | = C.Ma,

<t<(n— - .
= omax U0

;> ;" A(1 + 6),and for all £ € [0, (n — 1)1],

(n)
[-ifa LU ey
J a

maXozuzn-n1 (U]

for at most one j = 1,2,...)

= P(CYT V" > A1 +6)) — ¢(C; 7€) — ¢ (e, 6).
Once again, the choice of € and ¢ gives us
lim (¢, 6) = 0, (2.6.24)
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and so we conclude by (2.6.19) and (2.6.24), that for any ¢ > 0,

1
limian(b—Mn > /l) > P(CYT > A1 + 6))

= 1 —exp{-CoA7%(1 +9)“},
and letting 6 — 0, we obtain a lower bound matching (2.6.23). This proves (2.6.10).

If X is not generated by a conservative action (i.e., the component X? in (2.3.8)

generated by a dissipative action is nonzero) then it follows from Proposition 2.5.1 that
—d/ab
n . — Ky asn — oo,

In particular, both conditions (2.6.7) and (2.6.9) are satisfied (see Remark 2.6.2). There-
fore, (2.6.1) follows from the already proven (2.6.10), and the proof of all parts of the

theorem is complete. O

2.7 Connections with Group Theory

When the underlying action is not conservative Theorem 2.6.1 yields the exact rate of
growth of M,. For conservative actions, however, the actual rate of growth of the partial
maxima depends on further properties of the action. In this section we investigate the
effect of the group theoretic structure of the action on the rate of growth of the partial

maximum. We start with introducing the appropriate notation.

Consider A := {¢, : t € Z% as a subgroup of the group of invertible nonsingular

transformations on (S, u) and define a group homomorphism
D:7Z'> A

by ®(f) = ¢, for all t € Z¢. Let K := Ker(®) = {t € Z¢ : ¢, = 15}, where 15 denote the

identity map on S. Then K is a free abelian group and by first isomorphism theorem of
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groups (see, for example, Lang (2002)) we have
A~Z'IK.
Hence, by Theorem 8.5 in Chapter I of Lang (2002), we get
A=FeoN,
where F is a free abelian group and N is a finite group. Assume rank(F) = p > 1 and
IN| = . Since F is free, there exists an injective group homomorphism
¥:F -7
such that ® o ¥ = 1;. Let F = W(F). Then F is a free subgroup of Z¢ of rank p. In

particular, p < d.

The rank p is the effective dimension of the random field, giving more precise infor-
mation on the rate of growth of the partial maximum than the nominal dimension d. We

start with showing that this is true for the sequence {b,} in (2.5.2).

Proposition 2.7.1. Let {f;} be given by (2.3.3). Assume that (2.3.2) holds. Then we have

the following:

1. If {¢:}icr is conservative then

n %, - 0. (2.7.1)

2. If {¢:}icr is dissipative then
n P, - a (2.7.2)

for some a € (0, o).

Proof. 1. Itis easy to check that FN K = {0} and hence the sum F + K is direct. Suppose

G = F @ K. Using group isomorphism theorems we have

781G ~ (Z°|K))(F® K/K) ~AJF ~ N .
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Assume that x; + G, x, + G, ..., x; + G are all the cosets of G in Z?. Let rank(K) =
q. Choose a basis {uy,us,...,u,} of F and a basis {vi,vs,...,v,} of K. We need the

following

Lemma 2.7.2. There are positive integers ¢ and N such that for every n > 1

[
[—nl,nl] C U(xk +G,,) (2.7.3)
k=1

where for m > 1

p q
G = 1) i+ Y B lail 1B} < m foralli, j}.

i=1 j=1

Proof. Let r = p + q. For ease of notation we define

u; 1 < I < J 25
w; =
Viep p+1<i<r.
Then {wy,w,,...,w,} is a basis for G. We establish (2.7.3) in two steps as follows:

Step 1. There is an integer ¢’ > 1 such that
[-n1,n1]NG C G, foralln>1.
Proof of Step 1. Take y € [-nl,nl] N G. Then, y = nywy + maw; + - - - + n,w, for some

n,M2, ..., € Z. We have to show |n;| < ¢’n forall 1 <i < r for some ¢’ > 1 that does

not depend on n. Let 5" := (171,12, ...,1,) € Z". Then,
y=Wn (2.7.4)

where W is the d X r matrix with w; as the i column. The columns of W are linearly

independent over Z and hence over R. Hence there is a r X d matrix Z such that
ZW =1
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where [ is the identity matrix of order r. Hence from (2.7.4) we have

Forall 1 <i<r we get
il < 1@ < 1ZNIyll < 1ZInVd < ¢'n

where ¢’ = [||Z|| Vd] + 1. This proves Step 1.

Step 2. Let

M = max ||x;]|e + 1
1<k<I

where || - ||.. denotes the sup-norm on R¢, and ¢ = ¢’M. Then for all n > 1 we have

[
[—nl,nl] C U(xk +G,) .
k=1

Proof of Step 2. Takey € [-n1,nl]. Theny € x;, + G for some 1 < kj < [. Clearly,
Yi=y-x, €[-m+M-D1I,(n+M-DI]ING.

By Step 1, y' € Gouim-1) € Gen, and hence, y € xi, + G, C Ui:](xk + G.,), proving

Step 2 and the lemma. O

To prove the first part of Proposition 2.7.1 from Lemma 2.7.2 define, for k =

1,2,...,1,

dp o ¢y, )l/a

8k =f°¢xk( "

Then for t = x; + X7 cu; + ijlﬂjvj we have

d/" © ¢2f’=1 ;u; 1/a
—(s)) . 2.75)

i)l = lgi o d5r af"i(s)l( du
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Using Lemma 2.7.2, (2.7.5), and the stationarity of the field, it follows, for all n > 1,

that
b < bS = f max |f,(s)|%u(ds)
S—nlﬁtﬁnl
< (I ()|“d Pt o >) (ds)
< max max o
o I<k<l [arl<en 8k ¢Z | @il d,u s)jpas
d/,tO(]SZ_P Qi
< max e i SR ) d
;flmkcn |gko¢z ”(S)| d,Ll (S) IU( S)

o(n?).

The last step follows from Proposition 2.5.1 and Remark 2.5.2.

2. We start this proof with the following combinatorial fact:

Lemma 2.7.3. Forn>1landk =1,2,...,1 let
Fi,={u € x+ F : there exists v € K such that u + v € [-n1,nl1]}.

Then there is a positive real number V such that for all k = 1,2,...,1,

lim =V. (2.7.6)
n—oo nP
Here |A| stands for the cardinality of a set A.
Proof. One of Fy, is the set
F,={y€F :y+ve[-nl,nl]forsomeve K}. 2.7.7)
Firstly, we will show
F,
lim 1| =V (2.7.8)
n—oo np

for some V > 0. To show this let W be the matrix used in the proof of Lemma 2.7.2.

We can partition W into two submatrices as follows:

W=[U|V]
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where U is the d X p matrix whose i column is u; and V is the d X ¢ matrix whose j™

column is v;. Since the columns of U are linearly independent over Z, we have
|F,| = {a € Z” : there exists 8 € Z7 such that ||[Ua + V|| < n}|.

Let P:={x e R": ||[Wx|lo» < 1} and 7 : R” — R? denote the projection map on the first

p coordinates:
(X1, X2, ooy Xp) = (X1, X250 005 Xp)

Then we have
|[F.|  In(Z"nnP)|

n? n?

n -

Let
|ZP N nr(P)|
nP '

b, =

Clearly, a, < b,. Since P is a rational polytope (i.e., a polytope whose vertices have
rational coordinates) so is m(P). Hence, by Theorem 1 of De Loera (2005), it follows
that

limsupa, < limb, =V (2.7.9)

n—oo

where V = Volume(n(P)), the p-dimensional volume of 7(P). This volume is positive
since the latter set, obviously, contains a small ball centered at the origin. For the other

inequality we let

Wlle
P, = {xGRr:HlelooSl—” I }
m

W x]leo
[Ixloo

where [|W]|., := sup,. € 7Z since W is a matrix with integer entries. Hence for all

m > ||W||w, P, is a rational polytope of dimension r. Also, P,, T P. Now fix m > ||W||w.
Observe that

1
{yeR’:Hy—xIIooS—}gP forall x e P, .
m

Hence, it follows that for all n > m,

1 1
ﬂ(—Z’ N P) 2> -Z’ nn(P,),
n n
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which, along with Theorem 1 of De Loera (2005), implies

ZP O na(P,)|

liminf a, > lim =V, (2.7.10)

n—co n— o0 npP

where V,, = Volume(n(P,,)) is, once again, the p-dimensional volume. Since P,, T P,

it follows that V,, T V. Hence (2.7.8) follows from (2.7.9) and (2.7.10).
Now fixk =1,2,...,land let M = ||x;||. Observe that for all n > M,
|Fn-ml < 1Fiul < |Fpiml.
Hence (2.7.6) follows from (2.7.8). O

We now return to the proof of the second part of the proposition. We give a group

structure to
I
H:= U(xk +F) (2.7.11)
k=1

as follows. For all u;,u, € H, there exists unique u € H such that (u; + u) —u € K.
We define this u to be u; @ u,. It is not hard to check that (H, &) is a countable abelian

group. In fact, H ~ Z/K. We can define a nonsingular group action {¢,,} of H on S as
v,=¢, forallueH. (2.7.12)

Notice that if & € L'(S, u), h > 0, then, since (2.7.11) is a disjoint union,

> d“do Yah oy, = > @ﬁ oy, 2.7.13)
ueH H teF H

where
i

7 du o ¢,
h = hod,, .
2

Clearly 4 € L'(S,u) and i > 0. Hence using Corollary 2.2.4 and the dissipativity of
{¢:}:cr, We see that the second sum in (2.7.13) is finite almost everywhere. Another

appeal to Corollary 2.2.4 shows that {i, },x 1s a dissipative group action.
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Define a random field {Y,},cy as

Y, = f fu($)M(ds), ueH, (2.7.14)
N

where

1/a
fu:fo%(dﬂow”) ueH.
du

Clearly {Y,},en 1s an H-stationary S @S random field generated by the dissipative action
{V.}uen. Hence, by Remark 2.4.2, there is a standard Borel space (W, ‘W) with a o--finite

measure v on it such that
Y, 4 f gw,u® s) N(dw,ds) ueH,
WxH

for some g € L“(W X H,v ® 1), where 7 is the counting measure on H, and N is a SaS

random measure on W X H with control measure v ® 7.

Let, forallw e W,
g (w) := suplg(w,u)|. (2.7.15)

ueH

Then, clearly, g* € L*(W, v). We will show that (2.7.2) holds with

1/a
a:= (Zlf(g*(w))"dv(w)) € (0, ). (2.7.16)
27 Jw

Since b, is an increasing sequence, it is enough to show

b2n+l

Let H, := U,’(: | Fr.n- Then by stationarity of {X,},cz« we have for alln > 1,

Bor = | _max Ifi(s)l"uds)

S —nl<t<n

max | fu(s)*u(ds)

S
Z max |g(w, s @ u)|*v(dw) . (2.7.18)
% uceH,

seH
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The last equality follows from Corollary 4.4.6 of Samorodnitsky and Taqqu (1994). We

defineamap N : H — {0, 1,...} as,
N(u) := min{|lu + V||l : v € K}.

Clearly, for all u € H,
Nw™") = N, (2.7.19)

where u~! is the inverse of u in H. Also, N(-) satisfies the following “triangle inequality”:
for all uy,u, € H,

N(uy © uz) < N(up) + N(us) . (2.7.20)

Observe that

H,={ue H:Nu)<n}. (2.7.21)

From Lemma 2.7.2 we have H,’s are finite and Lemma 2.7.3 yields
|H,| ~ VIn? . (2.7.22)

Also, clearly, H, T H. As in the proof of (2.5.7), we first assume g has compact support,

ie., gw,wlyxpe (w,u) = 0 for some m > 1. Then using (2.7.19) and (2.7.20), the

expression in (2.7.18) becomes

b1 = Z f rré%XIg(w,s@u)IQV(dW)

u n
SE€EHp1m w

Z max [g(w, s ® u)|*v(dw)
W uceH,

SEH, 1,

+ Z j‘; max lg(w, s ® w)|"v(dw) =: A, + B,

. ueH,
s€H,mNH,_,,

for all n > m. Using (2.7.19) and (2.7.20) once again, we have for all s € H,_,,,
max [g(w, s @ u)l = g"(w).
ucH,

Hence, using (2.7.22), we get

An = [Hynl f & W) v(dw) ~ a*(2n + 1),
w
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while
By, < (|Hpsml = 1Hp) f & W) v(dw) = o(n”).
1%

Hence, (2.7.17) follows for g having compact support. The proof in the general case
follows by approximating a general kernel g by a kernel with a compact support as done

in the proof of (2.5.7). This completes the proof of the proposition. O

The following result sharpens the the description of the asymptotic behavior of the
partial maxima of a random field given in Theorem 2.6.1. It reduces to the latter result

if K = {0}.

Theorem 2.7.4. Let X = {X,},cz¢« be a stationary S aS random field, with 0 < a < 2,
integral representation (2.3.1), and functions {f;} given by (2.3.3). Then, in the termi-

nology introduced in this section, we have the following:

1. If {¢;}1er is not conservative then

1
—M,=cZ, (2.7.23)
nl’/&

for some c € (0, o), and Z, as in (2.6.3). In fact,

1/a
e= (G [[woram)

where V is given by (2.77.6), while g is given by (2.7.15) applied to the dissipative part
of the random field (2.7.14), and C,, is as in (2.6.2).

2. If {}}er is conservative then

M, — 0. (2.7.24)

nl’/af
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Proof. 1. Let r, be the left hand side of (2.6.9). Then we have

(U
AU ) 1:1,2)

r, < P(for some u € H,, o > 6
maxen, | f;(U;7)l

2
< |Hn|(e—“b,;a f If(s)lf’u(ds)) . (2.7.25)
S

The inequality (2.7.25) follows using the argument given in Remark (2.6.2). Since
{¢:}:cr 1s not conservative, Proposition 2.7.1 yields that b, satisfies (2.7.2). Hence, by
(2.7.22), we get that (2.6.9) holds in this case. Since b, satisfies (2.7.2) with a given by
(2.7.16), we get (2.7.23) by Theorem 2.6.1.

2. As in the proof of (2.6.4) we can get a stationary S @S random field Y generated by
a conservative Z?-action such that bY satisfies (2.6.7) as well as (2.7.1) (this is possible,
for instance, by Example 2.8.2 below). Therefore, (2.7.24) follows using the exact same

argument as in the proof of (2.6.4). O

Remark 2.7.5. The previous discussion assumes that p > 1. When p = 0 (i.e., when
Z4 /K is a finite group) the random field takes only finitely many different values. There-
fore, the sequence M, remains constant after some stage and so converges to the maxi-

mum of finitely many X,’s, not an extreme value random variable.
Remark 2.7.6. Suppose now that (H, ®) is any countable abelian group such that there

exist a sequence of subsets {H,},-; of H with H, T H satisfying

1. ifue H,thenu' € H,,

2. ifue H,andve H,thenu®v e H,,,,,.

Equivalently, H admits a map N : H — {0, 1,...} satisfying (2.7.19) and (2.7.20) so

that H,’s are obtained as corresponding “n-balls” defined by (2.7.21). It is not difficult
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to observe that the phase transition observed in Theorem 2.7.4 holds for stationary S @S
random fields indexed by H provided H,’s grow polynomially fast. These are called
groups of polynomial volume growth. See, for instance, Gromov (1981) for a discussion

of such groups.

2.8 Examples

In this section we consider several examples of stationary S @S random fields associated
with conservative flows. As in the one-dimensional case considered in Samorodnitsky

(2004a), the idea is to exhibit a variety of possible behaviors in this case.

Our first example shows that, the partial maxima sequence {M,} may not have an

extreme value limit. See also Remark 2.7.5 above.

Example 2.8.1. Let {Z},cz« be a collection of i.i.d. standard normal random vari-
ables, independent of a positive («/2)-stable random variable A with Laplace transform
Ee® =¢ %" 9>0. Then X, = A'?Z,, t € Z¢ is a stationary S S random field, the
simplest type of sub-Gaussian SaS random fields (see Section 3.7 in Samorodnitsky

and Taqqu (1994)). This random field has an integral representation of the form

Xti(da)‘lf g dM, te7° 2.8.1)
RZ?

where d, = \/i(E |Zo|*)"/*, and M is a S@S random measure on RZ' whose control
measure y is a probability measure under which the projections g,, t € Z¢ are i.i.d.

standard normal random variables. Define a Z“-action {¢,} as follows,

¢t((xs)s€Z‘1) = (xs+t)s€Zd for all (xs)seZd € RZd .

Then the integral representation (2.8.1) is of the form (2.3.3), with ¢, = 1 and the mea-

sure preserving action {¢,}. Since {¢,} is measure preserving action on a finite measure
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space, it is conservative.

An elementary direct computation shows that

=) "E max |Z,| ~ (dy) " “(2d log n)*?

0<t<(n—

and
—1 |Zi| 1
.
(2dlogn)'/2 ostsit
as n — oo. Therefore the assumption (2.6.7) in Theorem 2.6.1 fails, and we see directly
that
1

—M, = d,A"?,
b,

a non-extreme value limit, even though the partial maximum M, does grow at the same

rate as b,, .

The second example exhibits stationary S @S random fields generated by conserva-
tive Z?-actions and satisfying (2.6.7). Note that existence of such a field was needed in

the proofs of (2.6.4) and (2.7.24).

Example 2.8.2. Once again, let X be given by (2.8.1) with d, = 1, but now the control
measure y of the SaS random measure M is a probability measure under which the

projections g;, t € Z¢ are i.i.d. positive Pareto random variables with
u(go>x)=x" forx>1

for some # > a. For the same reason as before, X is generated by a conservative Z4-

action. Note that, for every p € (0, ),

f max |g /| du ~ c, on?% asn — oo (2.8.2)
R

7d 0<t<(n-1)1

for some finite positive constant ¢, o . Using (2.8.2) with p = a shows that

b 1/(1 d/9

wo 1 asn — oo,
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and so (2.6.7) holds. Furthermore, (2.8.2) with some p € (a, 8) shows uniform integra-
bility of the sequence {b,* maxo<<u-1)1 18:|*} with respect to . Since (2.6.12) is obvious
in this case, we conclude that (2.6.9) holds as well. That is, n~%?M, converges to an
extreme value distribution and hence this example also shows that the rate of growth of

M, can be n” for any y € (0,d/a).

The next example is motivated by a stationary S aS process considered in Mikosch

and Samorodnitsky (2000) (see also Example 5.3 in Samorodnitsky (2004a)).

Example 2.8.3. We start with d irreducible aperiodic null-recurrent Markov chains
on 7Z with laws Pl(.l)(-), PEZ)(‘), e, Pgd)(-), i € 7 and transition probabilities
(pﬁ))’ (pﬁ)), ) ..,(p%)) respectively. For all [ = 1,2,....d, let ¥ = (ﬂgl))iez be the
o-finite invariant measure corresponding to the family (Pl(.l)) satisfying ng) = 1. Let Pgl)
be the lateral extension of Pl@ to Z%: that is under 1351), X0 =1, (x9,x1,...)1s a Markov
chain with transition probabilities (pg.l,Z) and (xg, x_1,...) 1s a Markov chain with transi-

0 0

tion probabilities (m,” p;; /zri.l)). Define a o-finite measure pon S = Z% x Z% x - - - x Z*

by
d 00
uA X Ar o x A = [ () 0 PPca)

=1 i=—

Birinnin((@), @), ..., (@) = (@), @2), .. @)
This Z%-action is conservative (see Harris and Robbins (1953)).

Let X = {X, ...} be a stationary S @S random field defined by the integral rep-
resentation (2.3.1) with M being a S @S random measure on S with control measure p,

and

ﬁil,iz ~~~~~ i) = f © ¢(i1,i2,...,id) s ila i2a ey id € Z
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with

f(x(l), X(z), cees x(d)) = I{xg”:o,xff):o, ...,xéd):O} , X(l), x(z), RN XD e7?.

Assume further that forall /[ =1,2,...,d,
Po(x;l) =0)~n"L(n) asn—

for some vy, y2,...,v4 € (0,1) such that y; +y, +--- + 7y, > 1 and slowly varying func-
tions Ly, L,,...,L;. Using the calculations of Example 5.3 of Samorodnitsky (2004a)

we have

[Se]

d
bY = D( Z ﬂEZ)PEI)(x/({l) =0forsome k=0,1,...,n— 1))

i=—00

pYrrretetya

Li(n)Ly(n) ... La(n)

¢

c(Y1s V2r e -5Yd)
as n — oo where c(y1, y2,...,%q) = ]—If=1 (T +yprd - )/,))_1. Hence it follows from
Theorem 2.6.1 and Remark 2.6.11 that

Lim"“ Ly ... La(m)'®

nOi+Hy2+e+ya)la

Ml’l = (Ca/ C(yla Y25 ,Yd))l/a Za

asn — oo,

Next is an example of an application of Theorem 2.7.4.
Example 2.8.4. Suppose d = 3, and define the Z3-action {$ijpwlonS =R x{-1,1}as
Bijn (% Y) = (x+ i +2j,(=Dy).

An action-invariant measure y on § is defined as the product of the Lebesgue measure
on R and the counting measure on {—1, 1}. Take any f € L“(S) and define a stationary

S aS random field {X(; jx} as follows

Xiijky = f F(@ijn(x,y)dM(x,y),
Rx{-1,1}
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where M is a S @S random measure on R X {—1, 1} with control measure u. Note that the
above representation of {X; ;1 } is of the form (2.3.3) generated by a measure preserving

conservative action with ¢ jx) = 1.

In the notation of Section 2.7 we have
K =1{@, jk) € 73 - i+2j=0andkiseven},

and so

A=~7°|K ~7x7/27,

and

F={10,0):ie€Z}.

In particular p = 1 and {¢,},cr is dissipative. Hence Theorem 2.7.4 applies and says that

#Mn converges to an extreme value distribution.

In all the examples we have seen so far, the action has a conservative direction i.e
there is u € Z—{0} such that {¢,, },cz is a conservative Z-action. The following example
of a Z*-action, suggested to us by M.G. Nadkarni, lacks such a conservative direction.

In a sense, this example is “less one-dimensional” than the previous examples.

Example 2.8.5. Suppose that d = 2, and define the action {¢; )} jez of Z* on § = R
with u = Leb by

biy)X)=x+i+jV2, forallxeR.
Clearly, this action is measure preserving and it does not have any conservative direction.
It is, however, well known that this action does not admit a wandering set of positive

Lebesgue measure, and hence is conservative. In fact, if we take the kernel f = Ijo;; and

define {X; ,} by (2.3.1) and (2.3.3) with, say, ¢ j, = 1, then we have for all n > 2,

bi=u( | 610 1D) = (10,1 + @ - D1+ V2)).

0<i, j<(n-1)
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So, b, ~ (1+ V2)"*n'/® and a simple calculation shows that left hand side of (2.6.9) is

bounded from above by b,?*(u ® u)(B,) where
B,={(x,y)eR: —(n-D(1+ V2)<x,y<1, |x—y <1}.
Since (u ® u)(B,) = O(n), (2.6.9) holds and hence

1
—=M, = (1 + V2)C.)""Z,
n a

62



Chapter 3

Associated Point Processes
3.1 Introduction

Suppose, as in the previous chapter, that X := {X;},z« 1s a stationary SaS discrete-
parameter random field. We consider the sequence of point processes on [—oo, co] — {0}

Mﬁ:§:5W&, n=1,273,... 3.1.1)

lltllco<n

induced by the random field X with an aptly chosen sequence of scaling constants b, T
co. Here 0, denotes the point mass at x. We are interested in the weak convergence
of this point process sequence in the space M of Radon measures on [—oo, co] — {0}
equipped with the vague topology. This is important in extreme value theory because a
number of limit theorems for various functionals of S @S random fields can be obtained
by continuous mapping arguments on the associated point process sequence. See, for
example, Resnick (1987) for a background on point processes and their applications to

extreme value theory.

If {X}};cza 1s an iid collection of random variables with tails decaying like those of a
symmetric « stable distribution (i.e., P(|X;| > x) ~ Cx™® as x — oo for all # € Z¢ and for

some positive constant C) then {b,} can be chosen as follows:
b, = n. (3.1.2)

With the above choice, the sequence {N,} converges weakly in the space M to a Pois-
son random measure, whose intensity blows up near zero (this is the reason why we
exclude zero from the state space). See, once again, Resnick (1987). The assumption

of independence can be relaxed to weak or local dependence provided the random field
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is stationary and the marginal distribution has balanced regularly varying tails. In this
case, use of the same normalizing sequence (3.1.2) is still appropriate and {N,} con-
verges weakly to a cluster Poisson process. See Davis and Resnick (1985) and Davis

and Hsing (1995).

When the dependence structure of the random field is not necessarily weak or local,
finding a suitable scaling sequence and computation of the weak limit both become
challenging. As in the one-dimensional case in Resnick and Samorodnitsky (2004), we
will observe that for stable random fields the choice of {b,} depends on the heaviness
of the tails of the marginal distributions as well as on the length of memory. Therefore,
in the short memory case the choice (3.1.2) of normalizing constants is appropriate
although in the long memory case it is not. Furthermore, the extreme observations may
cluster so much due to long memory that one may need to normalize the sequence {N,,}

itself to ensure weak convergence.

In Section 3.2 we study point processes corresponding to dissipative actions, i.e.,
point processes based on mixed moving averages. Section 3.3 deals with the conserva-

tive case using the connections to group theory established in Section 2.7.

3.2 The Dissipative Case

Let X be a stationary SaS discrete parameter random field generated by a dissipative
Z“-action. We know from the previous chapter that such a random field has a mixed
moving average representation (2.3.7) and its partial maxima sequence (2.5.1) grows

dla - As expected, b, ~ n¥/? turns out to be the right normalization for

exactly at the rate n
the point process (3.1.1) in this case. The following theorem, which is a direct extension

of Theorem 3.1 in Resnick and Samorodnitsky (2004), states that the limiting random
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measure is a cluster Poisson random measure even though the dependence structure is

no longer weak or local.

Suppose [ is the counting measure on Z¢, v is a o-finite measure on a standard Borel
space (W, W) used in (2.3.7) and v, is the symmetric measure on [—oco, co] — {0} given
by v4(x,00] = v,[—00,—x) = x™%, x > 0. Without loss of generality, we assume that

the original stable random field is of the form given in (2.3.7). Let
N =" 8 ~ PRM(y @ V1) (3.2.1)

be Poisson random measure on ([—oco, co] — {0}) X W x Z¢ with mean measure v, @ v® [.
Then from the assumption above it follows that X has the following series representa-
tion:

Xo=CM Y jif e+ ), 1€ 7, (3.2.2)
where C,, is the stable tail constant (2.6.2); see, for example, Samorodnitsky and Taqqu

(1994).

Theorem 3.2.1. Let X be the mixed moving average (2.3.7), and define the point process
Ny = X n<iemt O@uy-diax,, n = 1,2,.... Then N, = N, as n — oo, weakly in the space

M, where N. is a cluster Poisson random measure with representation

N, = i D S (3.2.3)

i=1 tezd
where j;, v; are described before (3.2.1). Furthermore, N, is Radon on [—oo, c0] — {0}

with Laplace functional (g > 0 continuous with compact support)

Un.(g) = E () (3.2.4)

— CXP{ _ ff (1 —e Diezd g(xf(v,t)))ya(dx)y(dv)}.
([—o0,00]-{0hXW
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Proof. The proof of this theorem is exactly same as the proof of Theorem 3.1 in Resnick
and Samorodnitsky (2004). We first compute the Laplace functional of N, in a similar

fashion, namely, by observing that

E(e™®) = Eexp { Z Z gUif (vi, t))} = Eexp {— Z i Vi)}

where

nwy) = ) gef(v.0). (3.2.5)

v/

Since }}; 6(j,v,) is PRM with mean measure v, ® v, we have

E (e_N*(g)) = eXp {_ ff (1 - e_n(x,V))Va/(d-x)v(dv)}
([—00,00]—{0})xW

which establishes (3.2.4).
To prove N, is Radon, it is enough to show
E(N.(h)) < co.
with h(x) = 1|_e —sjujs.c0) and 6 > 0. Note that

ﬂN@)EZZmumm-ZBmm)

i tezd

where we define ’ by replacing g by £ in (3.2.5). It follows from above that
E(N.(h) = f f ' (x, V)Va(dx)v(dv) = f f Zh(Xf (v, D)ve(dx)v(dv)
1/
=Zf[f Va(dx)
veW LJ|x>6/|f(v,0)l

v/

=257 Zf Lf (v, DI*W(dv) < o0

teZd

v(dv)

since f € L*(W x Z4,v®1).

As in the one-dimensional case in Resnick and Samorodnitsky (2004) one can argue

that only a few of j;’s in (3.2.2) are not nullified by the normalization (2n)™%* and hence

66



we should expect to see a cluster Poisson process in the limit. Therefore, N, should have

the same weak limit as

NY(IZ) = Z Z 5(2n)_d/ajif(vi,ui+f) (3.2.6)

i=1 ||tllo<n

as n — oco. Our plan is to establish the convergence of N,(,Z), and then show that N, and

NP converge to the same limit.
Using the method used to compute the Laplace functional of N, and the scaling
property of v, we get

E (e—fo)@) (32.7)

ueZd

(g = 0 continuous with compact support) which needs to be shown to converge to

(3.2.4). As in the proof of (2.5.7) assume first that the function f in (2.3.7) is compactly

supported, i.e., for some positive integer K

SO, ) wx-x1x1 (v, 8) = 0. (3.2.8)

Under this compact support assumption the integral in (3.2.7) equals

(21 v f f Z (1 — ¢ Zlloosn s(xf (V’”“)))v(dv)va(dx)
n)* Jixso Jw

[lullo<n+K

) (zi)d I | of Z (1 — " Zueznelef (v’"“)))v(dv)va(dx)
e w UeA,
+ (21 )d f Z (1 —e Zltloo<n g(xf(v,u+t)))
n)” Jix>0Jw

lledllco<n—K

v(dv)v,(dx)
=1,+J,
foralln > K. Here A, = [-(n + K)1,(n + K)1] - [-(n — K)1, (n — K)1]. We examine

both integrals above and claim

I, -0, (3.2.9)
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and

Jn —>f f(l _e‘ZHIIImsK8(Xf(V,I)))V(dV)Va(dx)' (3.2.10)
>0 JW

asn — oo,

Using the inequality 1 — e™* < x, (x > 0), and then the compact support assumption

(3.2.8) we bound the first integral as follows:

1
In S b d a d
2 o fw ;An”éng(xﬂv 1+ D)V(dv)ve(dx)
< 1

(zn)d |/\¢|>0‘/;VZ Z g(Xf(v’ T))V(dV)va(dX)

u€A, ||tllo<K

A,
< (lzn)|d f| . fW > s, D)(dv)va(dy)

Itllo <K

and since g > 0 has compact support on [—co,00] — {0}, g < Cli_w _sjujs.0] (Where

C, 6 > 0), which yields

|A,| f f / 5 Jov(d

(2n)d w |x|>0|T|§gK (|X| y /lf(V’T)l)V“( X)V( V)
|A,| 4 f )

<C (zn)d(2K+ 1) an(lxl S T)l)v(dv)

_ 2CCK +1)YI4,|

= se@n)

<C

Z lf(v, D" v(dv) — 0

W litlle<k

since |A,| = o(n?) and f € LY(W x Z¢,v ® [). This proves (3.2.9).

To establish (3.2.10) observe that

Jn
1
— _Ztooén xf(v,u )
T 2n)’ o [|>OL(1 — ¢ Ziezn( ”))V(dv)va(dx)
ulloo<n—K ¥
_ 2n - 2K + l)d

oo | (et

[ [ (e i
>0 Jw
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as n — oo proving (3.2.10), which together with (3.2.9) completes the proof that N,(lz)

converges to N* weakly in M for compactly supported f.

We now remove the assumption of compact support on the function f by an exact

same argument as in the one-dimensional case. For a general f € L*(v ® [) define
fkuw) = fr,)l(lull- < K), K =1 (3.2.1D)

Clearly each fx satisfies (3.2.8) and fx — fin L*(v®[) as K — oo. Define

(o)

NE =3 St e » (3.2.12)
i=1 ||t]lo<n
for K,n > 1, and
NE =3 6o, K21 (3.2.13)
i=1 tezd

For every K > 1, N = N& weakly in the space M as n — oo by the arguments

given above. As in the one-dimensional case, we will show

N = N, weakly in the space M as K — oo (3.2.14)
and
lim lim sup P(N@*®(g) = NP(g) > €) =0 (3.2.15)

for all € > 0 and for every non-negative continuous function g with compact support on

[—o0, 0o] — {0}. This will establish that N, is the weak limit of N as n — oo.

Since N, is Radon, for every Borel set A bounded away from the origin N, has
finitely many points in A. Also, the set of points of N® increases to that of N, as

K — oo. This proves NiK) N N, in M as K — oo, which implies (3.2.14).
Assuming as before g < Clj_w _sju5,00) (Where C, 6 > 0), we have

EIN®®(g) - NP(g)|
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= E[Z Z g((zl’l)_d/ajif(vi,ui + ) (J|u; + t]]o0 > K)]

i=1 ltlleo<n

=, (Z §(Q@ny i f vy + DI (i + s > K)]

[ltlloo<n
f f > g(@ny e xfv,u+ I+t > K)
|x|>0

lleo<n =
Vo (dx)v(dv)
f fl 0 Z 2(@n)y Y x f (v, u)I(|Jullee > K)ve(dx)v(dv)
||t|| <n x>0 | =7
(2 )d f f g(Xf(v, u))vo(dx)v(dv)
n [[lco<n x>0 llutlloo>K
2 1)
<G ?2+ d) f f (x| > 6/1f (v, w)va(dx)v(dv)
") >0 1>k
2C
S Z |f (v, w)*v(dv)

Wi lullw>K

from which (3.2.15) follows since f € L,(v ® [). This proves N? = N, for any kernel
f.

To complete the proof of the theorem, we need to prove that for all € > 0
Plp(N,, N@)> €] > 0 (n — o)

where p is the vague metric on M. Clearly, it is enough to prove that for every non-

negative continuous function g with compact support on [—oo, co] — {0},
P(N,(8) = N, (@)l > €)
_ X, O (Jif i ui + 1)
= P[ > [g((zn)d/a) = Zg(W >el-0 (32.16)

llfll<n i=1
as n — oo, which follows by the exact same argument used to prove (3.14) in Resnick

and Samorodnitsky (2004). This completes the proof of this result. O

70



3.3 Point Processes and Group Theory

This section deals with the longer memory case, i.e., the random field is now generated
by a conservative action. In this case, we know from Theorem 2.6.1 that the partial
maxima sequence (2.5.1) of the random field grows at a rate slower than n¥/®. Hence
(3.1.2) is inappropriate in this case. In general, there may or may not exist a normalizing
sequence {b,} that ensures weak convergence of {N,}. See Resnick and Samorodnitsky

(2004) for examples of both kinds in the d = 1 case.

We will work with a specific class of stable random fields generated by conservative
actions for which the effective dimension p < d is known. For this class of random
fields, the point process {N,} will not converge weakly to a nontrivial limit for any
choice of the scaling sequence. Even for an appropriate choice of {b,}, the associated
point process won’t even be tight (see Remark 3.3.4 below) because of the clustering
effect of extreme observations due to longer memory of the random field. Hence, in
order to ensure weak convergence, we have to normalize the point process sequence
{N,} in addition to using a normalizing sequence {b,} different from (3.1.2). This phe-
nomenon was also observed in Example 4.2 of the one-dimensional case in Resnick and

Samorodnitsky (2004).

Our tools here are group theoretic as in Section 2.7; we study the algebraic structure
of A := {¢, : t € Z%, a group of invertible nonsingular transformations on (S, x)
and use some basic counting arguments to analyze the point process {N,}. We need to
recall some of the notations and terminologies used in Section 2.7. We have a group
homomorphism

O:7 > A

defined by ®(f) = ¢,. Letting K := Ker(®) = {t € Z¢ : ¢, = 1} as before, we get
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A ~ 7Z4/K, and hence

A=FaeN

where F is a free abelian group of rank p and N is a finite group of size [. Let ¥ be as
before so that F = W(F) is a free subgroup of Z¢ of rank p. As in Section 2.7 we assume
that

p =rank(F) > 1

in this section as well (see Remark 2.7.5). From the proof of (2.7.1) we get that the sum
F + K is direct and

Z'|G ~ N,
where G = F® K. Recall also that x; +G, x, +G, ... ,x,+G are all the cosets of G in Z¢
and H := U§<=1 (x; + F), which becomes a group isomorphic to Z?/K under the operation
@ (addition modulo K) defined in Section 2.7. Let rank(K) = g > 1 (we can also allow
q = 0 provided we follow the convention mentioned in Remark 3.3.2). Choose a basis

{uy,us, ..., u,} of F and a basis {v;,v,,...,v,} of K. Let U be the d X p matrix with u;

as its i" column and V be the d X ¢ matrix with v; as its j* column.

From Theorem 2.7.4 we can guess that b, ~ n?/® is a legitimate choice of the scaling
sequence provided {¢,},cr 1s dissipative because, in that case, p becomes the intrinsic
dimension of the random field. If {¢,},cr is a dissipative group action then we get another
dissipative H-action {¢,},cy defined by (2.7.12). In this case, if we further assume that

the cocycle in (2.3.3) satisfies
c;=1 forallteKk, (3.3.1)

then it will follow that {c,},cqy 1s an H-cocycle for {{, },cq, 1.e., for all uy,u, € H,

Cuyou, () = Cuy (8)Cu, (W, (5)) forp-a.a. s € S.
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Hence the subfield {X,},y 1s H-stationary and is generated by the dissipative action
{V.}uen. Hence, by Remark 2.4.2, there is a standard Borel space (W, ‘W) with a o-finite
measure v on it such that

x, < f h(w, u® s) M'(dw, ds), u € H, (3.3.2)
WxH
for some h € L*(W X H,v ® 1), where 7 is the counting measure on H, and M’ is a S a$
random measure on W X H with control measure v ® 7.
Once again, we may assume, without loss of generality, that the original subfield
{X.}uen 1s given in the form (3.3.2). Let

N' =" 8Guy ~ PRUG®v®T) (3.3.3)

be Poisson random measure on ([—co, oo] — {0}) X W X H with mean measure v, Q v Q7.

The following series representation holds in parallel to (3.2.2):
X, = Cle Z jih(i, u; ®u), u€H, (3.3.4)
i=1

where C, is the stable tail constant (2.6.2) as before.

Define
C ={y € R? : there exists 1 € R such that ||Uy + V1|, < 1}.

Let |C| denote the p-dimensional volume of C, and for y € C denote by V(y) the g-

dimensional volume of the polytope
P, :={1eR7:|[Uy+ Vil < 1}.

Define, fortr € H,

m(t,n) := [[-nl,n1] N (t + K)|. (3.3.5)

Here |B| denotes the cardinality of the finite set B. The following result, which is an
extension of Theorem 3.2.1 (see Remark 3.3.2 below), states that the weak limit of

properly scaled {N,} is a random measure which is not a point process.
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Theorem 3.3.1. Suppose {¢;}:cr be a dissipative group action and (3.3.1) holds. Let
Ny = 17 Y entnt) Oeny-riax,, 1 = 1,2,... where ¢ = (C)"'?. Then N, = N, weakly in
M, where N, is a random measure with the following representation

No= " VES o (3.3.6)

i=1 ueH

where {j;} and {v;} are as in (3.3.3), {&} is a sequence of iid p-dimensional random
vectors uniformly distributed in C independent of {j;} and {v;}, and V is the continuous
function defined on C as above. Furthermore, N, is Radon on [—oc0, 00]—{0} with Laplace

functional (g > 0 continuous with compact support)

Ui.(8) = E () (3:3.7)

1
= exp {—— f f f (1 — ¢~ VO) Zwer g(Xh(V’W)))v(dv)v(,(dx)dy} .
ICl Je >0 Jw

Remark 3.3.2. In the above theorem we can also allow ¢ to be equal to O provided we
follow the convention R® = {0}, which is assumed to have 0-dimensional volume equal

to 1. With these conventions, Theorem 3.3.1 reduces to Theorem 3.2.1 when g = 0.

In order to prove Theorem 3.3.1 we need some basic facts about C, V(y) and m(t, n)

defined above. We summarize them in the following

Lemma 3.3.3. With the notations introduced above, we have:
(i) C is compact and convex.
(ii) V(y) is a continuous function of y.

(iii) Forall 1 <k <1,

m(xk + Zil[”)’i]ui,n)
My (y) = , n=1,2,...

n4

(v =O15-..,Yp) ) is uniformly bounded on C and converges (as n — o) to V(y) for all

yeC.
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(iv) There is a constant ko > 0 such that m(t,n)/n? < ko for all t € H and for all n > 1.

Also,
1 m(u, n)

)4 q
n ucH, n

- lf(V(y)dy< 00
c

asn — oo. Here H, is as in (2.7.21).

y
Proof. (i) Let W = [U : V] and z = . Then C is a projection of the closed and
A

convex set

P:={zeR"™ :||Wzllo < 1}.

To complete the proof of part (i) it is enough to establish that P is bounded because, in
that case, C becomes a projection of a compact and convex set. To this end note that
the columns of W are independent over Z and hence over Q which means that there is
a (p + q) X d matrix Z such that ZW = [, the identity matrix of order p + g. From the

string of inequalities
lzlleo = IZWzlleo < IZlleollWlloo < 1IZ]leo

the boundedness of P follows.

(ii) Take {y™} C C such that y*” — y. Fixing an integer m > 1 we can get N large

enough so that for all n > N, [ly™ — y|| < L and hence

Ullso
{/leRq:llUy+V/l||ooS1—” I }
m

Ulle
gPy(")g{/lequ||Uy+V/l||oo§1+|| | }
m

First taking the lim sup (and lim inf) as n — oo and then taking the limit as m — oo we
get that

V(y) < liminf V(™) < limsup V(™) < V()

n—oo
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which proves part (ii).

(1) Fix 1 < k < [. Let L = max; << ||x/|. We start by showing that for all y € C

mk,n(y) — (V()’) (338)

as n — oo. Let

P
B, := {v e 7% ||xk + Z[ny,-]u,- + Vv”oo < n} , n>1.

i=1

Since the columns of V are linearly independent over Z, we have

p
|B,| = |[-n1,n1] N (x; + Z[nyi]ui + K)| = n? m, (). (3.3.9)

i=1

Define

1 )4
Cpi={AeR Uy + VAo < 1= = il + D)}, m=1.
m

i=1

We first fix m > 1 and claim that for all n > m
Z'nnC, cZ'NnnC, CB,. (3.3.10)
The first inequality is obvious. To prove the second one take
P P
veZinnC, = {ve 7 ||Znyl~u,- + Vv”oo < n—leuilloo —L}
i=1 i=1

and observe that

)4
||xk + Z[ny,-]u,- + Vv”oo

i=1
)4 )4
< Ml + || D myiws + V|| + D il <.
i=1 i=1

It follows from (3.3.10) that

79 OnC,l B,
Gl 1B _ ) 3.3.11)

nd ni
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for all n > m. Since C,, is a rational polytope (i.e., a polytope whose vertices have
rational coordinates) the left hand side of (3.3.11) converges to Volume(C,,), the g-
dimensional volume of C,, by Theorem 1 of De Loera (2005). Hence (3.3.11) and
(3.3.9) yield

Volume(C,,) < liminf my,(y) .

Now taking another limit as m — oo we get
V(y) < liminf my,(y) (3.3.12)
since C,, T P,. Defining another sequence of rational polytopes
1 &
Cpi={AeRY: Uy + Viallo < 1+ —(Z il + D)}, m 21
Mmoo
and observing that C;, | P, as m — oo we can conclude using a similar argument

lim sup my ,(y) < V(y). (3.3.13)

n—oo

(3.3.8) follows from (3.3.12) and (3.3.13).

To establish the uniform boundedness let R := supec [yllo < 00 by part (i). Observe
that

p
Cicf{ieR: VAl <1+ Z lilleo + L + RVl } =: C”,
i=1
which is another rational polytope. Hence

129 "nCi| |27 N nC’|
<

nd nd

mk,n(y) <

from which the uniform boundedness follows by another application of Theorem 1 of

De Loera (2005).

(iv) To establish this part, we start by proving two set inclusions which will be useful

once more later in this section. For 1 < k < [, define

OW :={aeZ: xx+Ua€Fy,), n>1.
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Here Fy, is as in Lemma 2.7.3. Let L = maX; g |l%llo and L' = L + X7 lluille +

2 villeo. We claim that for all n > L,

(= Lyi..... [ = Lyy,)) : y e C}

c 0¥ c i+ Lyyl..... [+ Lyy,)) s yeC} .

To prove the first inclusion, let y € C and A € R? be such that
Uy + VAl < 1.

Then we have

p q
xt Y L= Lylus+ ) l(n = LA,
i=1 j=1

p q
Z yii + Z A;v;
i=1 j

J=1

(o8]

<L+m-L")

<n

)4 q
O il + " il
=l j=1

(3.3.14)

proving xk+2f:1 [(n—L")y;]u; € Fy, and hence the first inclusion in (3.3.14). The second

k)
n

one is easy. If @ € @, then for some g € Z4

llxy + U + VBl < 11,

and hence

lUa + VBl <n+L,

which yields y = (1/(n + L)) € C and establishes the second set inclusion in (3.3.14).

To prove the uniform boundedness in part (iv) we use (3.3.14) as follows:

m(t, n)

sup sup
n>1 en N

m(t, n)
= sup max
n>1 1€Hn n4

m(x, + Ua,n+ L)

< max sup max
1<k<I n>1 aEQ;k) nq

< max sup sup

Isksl y>1 yeC n (n + L)q
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and this is bounded above by

ko = (1 + L) max sup sup my.,(y) , (3.3.15)

<k<l p>1 yeC

which is finite by part (ii1).

To prove the convergence it is enough to show that forall 1 <k <[

1 m(u, n)
p q
n MEFk,,, n

—>f(V(y)dy (n — o). (3.3.16)
c

To prove (3.3.16) we use (3.3.14) once again to get the following bound:

1 m(u, n)
]; Z n4
uEFk,,l
S(n+L)” 1 Z m(x; + Ua,n+ L)

n (n+ L)P 4 n4
aeQ,

< (n + L)P+q f m(xk + Zle[(n + L)y lu;,n + L)
- C (n+ L)1

dy +o(1),
n

from which using part (ii1) and dominated convergence theorem we get

) 1 m(u, n)
lim supﬁ Z p < j; Vdy.

n—00 MEF/M

Similarly we can also prove

A | m(u, n)
lim inf — Z " Z‘fC(V(y)d)’-

n—oo pnP

ueFk,,l

(3.3.16) follows from the above two inequalities. This completes the proof of Lemma

3.3.3. m]

Proof of Theorem 3.3.1. The steps of this proof are similar to the proof of Theorem

3.2.1. We start with the Laplace functional of N.,

E (e—N*(g))

Eexp {— i 2 VEsUih(v; u))}

i=1 ueH

Y. (8)
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which equals (3.3.7) by a similar argument as before since 3; 6(j,.,z) 15 PRM with mean

measure (1/|C|)(v, ® v ® Leb|c).

To prove that N, is Radon we take 7(x) = 1{_c _sjusco]>, 0 > 0 and look at

E(N.p)=E Y > VEMGih(viw) < VI E "> njih(vi, w).

i=1 ueH i=1 ueH

where ||V||e := sup,.- V(y) < co by Lemma 3.3.3. From above, we get E (N*(n)) < 00

by an exact same argument as in the case of N, . This proves N, is Radon.

Observe that because of (3.3.1) N, can also be written as

- m(t, n)
Ny=> — 2 Senyriox, (3.3.17)
teH,
where m(t,n) is as in (3.3.5) and H,, is as in (2.7.21). The weak convergence of N, is

established in two steps as in the proof of the weak convergence of N,,. Namely, we first

show that

- - m(t,n)
NP =3 = Ol e (3.3.18)

i=1 teH,

converges to N, weakly in M and then show that N,, must have the same weak limit as
NP

Another use of the scaling property of v, yields the Laplace functional of N® (g=0
continuous with compact support) as

E (e-ﬁff)<g>) (3.3.19)

= exp{ — 1 f f Z (1 _ e—,,iq 2ieHy m(l,n)g(xh(v,ue)t)))
(en)? Jis0 Jw

ueH

v(dv)va(dx)}

which needs to be shown to converge to (3.3.7). As before we first assume that % is

compactly supported i.e., for some positive integer M

h(v, W lwxps, (v,u) = 0. (3.3.20)
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Recall from Section 2.7 that each Hy, is finite and Hy, T H as M — oo. Using properties
(2.7.19), (2.7.20) and the compact support assumption (3.3.20) the integral in (3.3.19)

becomes

1 b
(cn)? ff Z (1 — exp {— Z m’;n)g(xh(v, ud t))))
ueH, .y teH,

v(dv)v,(dx),

which, by a change of variable, equals

(crlz)f’ ff Z (1 —exp [_ Z M(WZM, n) g(xh(v, W))]]

ueH,p WeA},
v(dv)v,(dx)
=71,.
Herewou:=weu'and A, = HyN{w : woue H,}.
We claim that for all n > M
mu™ "' ,n—M)<mwou,n) <mu ', n+M). (3.3.21)

The first inequality follows, for example, because
te[-n-M1,(n-MI1NGw'+K)

if and only if

t+we[-nl,nl]N(wou)+K).

Similarly we can prove the second inequality in (3.3.21).

We bound 7, using (3.3.21) by

1 n+M
(cn)pff 2. [1 ‘exp[‘z e nT )g(xh<v,w>)])v<dv)va(dx)
u€H,ym weA,,
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(cn)l7 ff (1 —eXp (_ Z m(n— (xh(v, W))D v(dv)v,(dx)
uEH M

WEA;,

+o(l)=:1+o(l). (3.3.22)

To prove (3.3.22) observe that using the inequality |e™® — e7”| < |a — b|, (a,b > 0) the

difference of the two integrals above can be bounded by

1 mu ', n+ M) —m@u",n)
(cn)? Z ( n4 )

u€H,m
f f D &(xh(v, w)V(dv)va(dx)

weHy,

which converges to 0 as n — oo because

ff Z g(xh(v, W))V(dv)vy(dx) < oo

weH
by the exact same argument given in the proof of (3.2.9), and Lemma 3.3.3 together

with (2.7.22) implies

1
(cn)? MGHZn;M

1 n+ M\ mu,n+ M) m(u,n)

> (5 )

:(cn)P L n (n+ M) nd

(m(u‘l, n+M)—m@u?', n))

n4

n+ M\’ 1 m(u,n + M)
( n ) (n+M)pu€HZ (n+ M)t

1 m(u, n)] 50

np nd

=o(l) + L

This proves (3.3.22), which yields 7,, < 7/, + o(1). Similarly we can also get a lower
bound of 7, and establish that 7, > 7, + o(1). Hence, in order to complete the proof
of weak convergence of N to N, under the compact support assumption (3.3.20), it is
enough to show that

(cn)P ff [1 —€X [ m(u n) Z g(Xh(V W))]] V(dV)Va(dx)
ueH,HM

weA;,
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converges to

llff f [1 —exp[ V) Z g(xh(v, W))D V(dv)ve(dx)dy . (3.3.23)
c? Je o

weHy,

To this end we decompose the integral 7, into two parts as before.

/

(cn)l’ ff [1 —ex [ M(Zq,n) Z g(xh(v, W))]] v(dv)v,(dx)
ueH M

weH)y
* o f f > [1 - exp[ m(” ) > g(xh, w))]] W(dv)Ve(dx)
ueB;, WEA},
=J,+L,

foralln > M. Here B, = H,,,y N HS_,,. For 1 <k < let

Jl

(cn)l’ ff [1 - &X ( m(Z;n) Z g(xh(v, W))]] v(dv)ve(dx) .
MEFkn M

weH )y

Clearly J/ = Y!_, Jin- We will show that each J; , 1 < k < [ converges to (3.3.23)

except for the factor /.

Fix k € {1,2,...,1}. Repeating the argument in the proof of (3.3.22) we obtain for

alln > M,
Jin
=o(l)+ ff 1 - e—w Dwety g(xh(v,W)))
( )p ueF
v(dv)vy(dx)
n—M+ L\’
=o(l) + (P25 x
1 l?l(/\k+Uﬂ!n M+L)
- | = o L 5 iy 8(6h, w)))
ff(n—M+L)p ZZ) ( ¢
ac@®
v(dv)vy(dx)
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which can be estimated using (3.3.14) as follows:

<o(l) + (w)px

cn
mxg+ 3P [(i=M+L)y;lujn-M+L)
f f f (1 B T L))
x[>0 JW JC

dyv(dv) v,(dx).

By Lemma 3.3.3 there is a constant « > 0 such that the above integrand sequence is

dominated by

1 —exp {—K Z g(xh(v, w))}

weH s

which can be shown to be integrable using an argument similar to the one in the proof

of (3.2.9). Hence Lemma 3.3.3 together with dominated convergence theorem yields

m(g+3P [(=-M+Ly;u;.n-M+L)
Jouf (-
x>0 JW JC

dy v(dv) v4(dx)
- f f f [1 — exp [—(V(y) Z g(xh(v, w)))] W(dv)ve(dx)dy .
C >0 W weH
This shows
lim sup J,’(gn
= iff f [1 — eXp (—(V(y) Z g(xh(v, w)))) V(dv)ve(dx)dy .
el Je Jiso Jw e
Similarly we can also prove that
lim inf J;’n
1
> —ff f [1 — exp [—(V()’) Z g(xh(v, w)))) W dv)va(dx)dy .
< C >0 W weH
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Hence, J;, converges to (3.3.23) as n — oo. To establish the weak convergence of N,(,2)

when £ is compactly supported it remains to prove that L), — 0 as n — oo. This is easy

because
L,
1 m(u, n)
= (cn)P f f »;:Z [1 —&Xp [— i W;M g(xh(v, w)))) v(dv)v,(dx)
1 m(u, n)
il B o 5 )
v(dv)v,(dx)
1 m(u, n)
Tl ]
v(dv)vo(dx)
-0

since the first term can also be shown to converge to the same limit as the second term

by the exact same argument as above.

To remove the assumption of compact support on the function 4, for a general i €
L*(v® 7) define

hy(v,u) = h(v,u)ly, (u), M >1. (3.3.24)

Notice that each hy, satisfies (3.3.20) and that sy, — h almost surely as well as in

L*(v® 1) as M — oo. Denote

- = m(t, n)
M — Z Z = Sleny i o) (3.3.25)
i=1 teH,
for M,n > 1, and
N = 3" > VED i s M 21 (3:326)
i=1 ueH

with the notations as above. We already know that for every M > 1, N,(,Z’M) = NiM)

weakly in the space M as n — oo. Therefore, to establish N? = N, it s enough to
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show two things:

NM = N, weakly as M — oo (3.3.27)
and
lim lim sup P(N*M(g) - NP(g) > €)= 0 (3.3.28)

for all e > 0 and for every non-negative continuous function g with compact support
on [—oo, 00] — {0}. Claim (3.3.27) is easy since the Laplace functional of NiM), which
is obtained by replacing 4 in (3.3.7) by hy, converges by dominated convergence the-
orem to (3.3.7) for every non-negative continuous function g with compact support on
[—o0, 0] — {0}. The proof of (3.3.28) is along the same line as the proof of (3.2.15).

Using similar calculations we have

EIN*M(g) — NP(g)|

Iy (Z §((cny 1 jih(vi, u; & D)I(N(; @ 1) > M)
ni .

teH,

i=1
1 m(t, n)
B [(Cfl)’7 Z nd ]fw Lbo Z gxf(v,u))v (dx)v(dv) .

teH, ueHy,

T'he integral
f f E g(xf(v, ))v (dx)v(dv) — 0
W0 e,

as M — oo by repeating the argument given in the proof of (3.2.15). Hence, by Lemma
3.3.3, (3.3.28) follows and so does N\ = N, without the assumption of compact sup-

port.

To complete the proof of the theorem, we need to prove (with p being the vague

metric on M) that for all € > 0
Plp(N,,N?) > €] > 0 (n — )

and for this, it suffices to show that for every non-negative continuous function g with
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compact support on [—oo, co] — {0},

P(N,(g) - NP (9)l > €)

m(t, n) > Jih(vi, u; @ 1)
= P[ Z n4 [ ((cn)p/a) Zg( (i )]‘ > 6) (3.3.29)

teH, i=1
-0

as n — oo. By Lemma 3.3.3, (3.3.29) would follow from

X; N Jih(vi,u; ®1)
P[Z[g((cn)p/a)_;g( (cn)rle ))

teH,
Here «j is as in (3.3.15). Once again, following verbatim the proof of (3.14) in Resnick

> e/KO] — 0. (3.3.30)

and Samorodnitsky (2004), we can establish (3.3.30) and complete the proof of this

theorem. O

Remark 3.3.4. Note that the above theorem together with Lemma 3.20 in Resnick
(1987) implies that the sequence of point process (3.1.1) with the choice b, ~ n?/®
is not tight and hence does not converge weakly in M. Furthermore, {N,} will not con-
verge weakly to a nontrivial limit for any other choice of normalizing sequence {b,}. All
the points of {N,} will be driven to zero if b, grows faster than n?/®. This follows from
(2.7.23), which also implies that if we select b, to grow slower than n”/® then we will
see an accumulation of mass at infinity. Only b, ~ n”/? places the points at the right
scale, but they repeat so much due to long memory, that the point process itself has to

be normalized by n? in order to ensure weak convergence.

We end this section by considering a simple example and computing the weak limit
of the corresponding random measure (properly normalized {N,}) using Theorem 3.3.1.

This will help us understand the result as well as get used to the notations.

Example 3.3.1. Suppose d = 2, and define the Z*-action {¢, )} on S = R as
¢(11,I2)(x) =x+H—-10.
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Take any f € L*(S,u) where u is the Lebesgue measure on R and define a stationary

SaS random field {X, ,,)} as follows

X = Lf(%utz)(@) M(dx), t,t,€Z,

where M is a SaS random measure on R with control measure u. Note that the above
representation of {X(, ,,)} is of the form (2.3.3) generated by a measure preserving con-

servative action with ¢, .,y = 1.
In this case, using the notations as above, we have
K={(t;,)€Z?: t; =t}
which implies A ~ Z?/K ~ Z, and
F=A(t,0): 1, € Z}.

In particular we have p =g =1[=1, and

so that
C ={yeR: thereexists 1 € R such that ||Uy + V1|, < 1}
={yeR: |[y+4 <1forsomede[-1,1]} = [-2,2].
For all y € C = [-2,2] we have

[-1+y),11  ye[-2,0)
[-1,1-y] y €[0,2]

Py={de[-1,1]: |y+A <1} =

which yields

Yy =2-pl, yel[-22].
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Clearly, {X(, 0)},ez 15 a stationary SaS process generated by a dissipative flow
{0¢,.0)},ez. Hence, by Theorem 4.4 in Rosifiski (1995), there is a o-finite standard mea-

sure space (W, v) and a function h € L*(W X Z,v ® lz) such that

X0 = fw Zh(v,t1+s)M(dv,ds), neZ.
X

Here [7 is the counting measure on Z, and M is a S @S random measure on W X Z with

control measure v ® [;. Let

= 1
Stimen ~ PRM(ve ® v ® 7 Lebli-)

=1

be Poisson random measure on ([—oo,c0] — {0}) X W X [-2,2]. In this example, ¢ =
(C)"? = 4 and

N7 -1
Ny=n > Sumox,, n=12....

lt1l, l2]<n

Since {¢,}.cr 1s a dissipative group action and (3.3.1) holds in this case, we can use
Theorem 3.3.1 and conclude that
Nl’l = Z Z (2 - |§l|) 6j,-h(v,~,t1)
i=1 HeZ

weakly in the space M.

Remark 3.3.5. Note that N, can also be written as follows:
2n
N k] 1
N, = Z (2 - ; + Z 6(411)"/"Yk
k=-2n
where Y, = X0). Only a few of the Y;’s are not driven to zero by the normalization
b, = (4n)"'/®_ By stationarity, these rare k’s are distributed uniformly in {—2n, —2n +

1,...,2n}. Hence, one should expect the above weak limit of N,.
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Chapter 4

Continuous Parameter Fields
4.1 Introduction

In this chapter, we look at stationary SaS continuous parameter non-Gaussian random
fields, which can be defined in parallel to the discrete-parameter case (see Section 2.1).
Our goal is to present the continuous-parameter analogue of some of the results in Chap-
ter 2. We will assume throughout this chapter that the random field X = {X,},cgs is

measurable.

The connection to the ergodic theory of nonsingular group actions is present in the
continuous-parameter case as well (see, for example, Rosirfiski (1995) and Rosiniski
(2000)). However, the notions of conservative and dissipative actions were not known
for nonsingular R¢-actions. In Section 4.2 we develop these notions and obtain a
conservative-dissipative decomposition for the RY case using a result of Varadarajan
(1970). The major difference with the discrete-parameter case is the following: when
we make statements about sets (e.g., equality or disjointness of two sets) which are un-
derstood as holding up to a set of measure zero with respect to the underlying measure,
we had better be careful, or else we may end up with a measurability problem (see, for
instance, Remark 4.2.3). This makes Section 4.2 more technical and challenging than

Section 2.2.

Section 4.3 focuses on the continuous-parameter extensions of the structure results
presented in Section 2.3. In particular, we connect the decomposition of SaS random
fields obtained in Rosifiski (2000) to the ergodic theoretic notions introduced in Section

4.3. We also observe, in this section, that any stationary measurable random field is
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continuous in probability, which is applied in Section 4.4 to get a separable version of

X and avoid measurability problems related to an uncountable maximum.

The main objective of Section 4.4 is to compute the rate of growth of the maxima of
the random field and establish a continuous-parameter analogue of the phase transition
observed in Theorem 2.6.1. As in the discrete-parameter case, this phase transition can

be regarded as a change from short to long memory of the field.

4.2 More Ergodic Theory

In this section we build up the theory of nonsingular R¢-actions based on the results
discussed in Section 2.2. Suppose (S, S, ) is a o-finite standard measure space and
(G, +) is a topological group with identity element O and Borel o-field G. A collection

of maps ¢, : S — §, t € G is called a group action of G on § if

1. (¢, 5) — ¢:(s) is jointly measurable,
2. ¢y 1s the identity map on S, and

3. dury=¢,0¢, forall u,veG.

A group action {¢,},cc of G on S is called nonsingularif yo ¢, ~uforallt € G.

From Section 2.2 we know if G is countable then we can define conservative and
dissipative parts of the group action {¢,},c using the notion of wandering sets. It is
impossible to do the same for an action of an uncountable group. However, the following
machineries enable us to define conservative and dissipative parts for nonsingular R¢-
actions using the structure of RY. Let B be the Borel o-field and A be the Lebesgue

measure on R4,
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Definition 4.2.1. A countable subgroup T C RY is called a lattice in RY if there exists

F € Bwith A(F) < oo such that {y + F : y € '} are disjoint and | J,er(y + F) = R4,

Clearly, I, := %Zd are lattices in R for all n > 0. This sequence of lattices will play
a very significant role in the following result, which is a partial extension of Proposi-
tion 1.6.4 and Corollary 1.6.5 in Aaronson (1997) to not necessarily measure preserving
R?-actions. This result enables us to define conservative and dissipative parts of a non-

singular R?-action.

Proposition 4.2.1. Conservative (resp. dissipative) parts of the actions {¢}er,, n > 0,

are all equal modulo pu.

Proof. For alln > 0, let C, be the conservative part of {¢,},cr,. Fix m > 0. We will show
Cn=Cy modpu. 4.2.1)

By Theorem 8.10 of Varadarajan (1970) there exists a jointly measurable real valued
function (t, s) — w,(s) on R? x § which is positive everywhere and for A-almost all
t € RY s — w(s) is a version of the Radon-Nikodym derivative d’;—;f’. Without
loss of generality, we can assume that w,(-) is a version of d“d—j?y for all y € T, and
wo = 1. Let F,, := [0,2%”1), where 1 = (1,1,...,1) € R? as before, but, for all

u=wOu®, . uD)eR:,y =00V VD) e R

[u,v) :={x e RY: u® <x? < VD foralli=1,2,...,d}. (4.2.2)

We define, for all t € F,,, and forall y € [,
WD) = Wy 0 by (5) Wy () . (4.2.3)

Clearly for A-almost all 7 € R?, the above definition yields s > w™(s) to be a version

of the Radon-Nikodym derivative d’ld—‘:’bf keeping (7, 5) — w(s) jointly measurable. Let

So:={s€S : Wy 1y,(8) =wy, 0¢,,(s)w,,(s) forall y;,y, € T,,}.
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Then, by our assumption, u(S — o) = 0. We claim that for all sy € Sy we have

W™ (s0) = w,o o ¢y, (o) w(y’(’)’)(so) for all yg € Iy, ty € Fy. 4.2.4)

)’o+to

To prove this, let 7y = y, + t; where y, € I, and 1, € F,,. Theny| = yy +y; € I',. For
all sy € Sy, repeated use of (4.2.3) yields,
(m) _ . m)
70+t0(s ) y +t1(s0)
= " © by (s0) W (50)
= w0 ¢ (50) W © ¢y (50) W (50)

= (Wgn) °© ¢71) W(m) © ¢y, (o) W%)(SO)

=W, © ¢70(s0) W%)(SO)
proving (4.2.4).

Taking g € L'(S, n), g > 0, we get, for all sy € S,

fR 7o g(sow" (s)AdD) = > f h o ¢,(s0)w;"™ (s0)A(d1)
d y+Fo

y€lo

-y f 0 65 (50) ()
y€lo

= ) 800 Gy(s)w"(50)
y€lo

by (4.2.4), where
go(s) = f ho ¢ (s)W™()A(dt) >0, s€S.
Fo
Using Fubini’s Theorem we have

f go()u(ds) = f f h o ¢(s )W ($)u(ds)A(d1)
S Fo

S

= A(F)) f h(s)u(ds) < eo,
N
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which proves g, € L'(S, u). Similarly we can show using (4.2.3) and Fubini’s Theorem
that for all s € S,

fR o g (AN = Y gm0 B (W(s).

Yeln

where g,,(s) := f ho ¢ (s)W™(s)A(dt) > 0, g,, € L'(S, ). Hence, by Corollary 2.2.4
Fm

we get

CnNSy=CoNSo={seSy: f h o ¢(s)W™(5)A(dr) = oo}

R4

from which (4.2.1) follows. m|

Motivated by this proposition, we introduce the notion of conservative and dissipa-

tive parts of an R%-action as follows.

Definition 4.2.2. The conservative (resp. dissipative) part of {¢,},cra is defined to be Cy

(resp. Dy =S — Cy), the conservative (resp. dissipative) part of {¢p,}eza.

Suppose r,(s) = wgo)(s), t € RY s € S. Then from the proof of previous proposition we
get the following corollary, which is the continuous-parameter analogue of Corollary

2.2.4.

Corollary 4.2.2. For any h € L'(S,u), h > 0, the conservative part of {¢,},era is given
by
C={seS§: f ho ¢.(s)r(s)A(dt) = oo} mod .
R4

As in the discrete case, the action {¢,} is called conservative if § = C and dissipative if

S=9.

Remark 4.2.3. We know that the Radon-Nikodym derivatives {d’;—‘;f”} induced by the

group action {¢,} satisfy the equations

dp o ¢y, _ dpo g, v dpo ¢y, °

du du du

¢, forallt and
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except on a set of measure zero. However, this exceptional set depends on #; and #,,
which are both uncountably many. This may lead us to technical difficulties because we
will use the above equation quite a few times in the next section. In order to resolve this
problem, {r,} is constructed carefully here using the result of Varadarajan (1970). As we

will see, {r,;} will play a very significant role in what follows.

4.3 Structure of Stationary SaS Random Fields

Suppose X = {X;},cre 1s @ measurable SaS random field, 0 < @ < 2. Theorem 13.2.1
in Samorodnitsky and Taqqu (1994) implies that X has an integral representation of the

from

x, £ f f(s)M(ds), teR?, 4.3.1)
S

where M is a S @S random measure on some standard Borel space (S, S) with o-finite
control measure u and f; € L%(S, u) for all # € R?. Since the random field is assumed to
be measurable, by Theorem 11.1.1 in Samorodnitsky and Taqqu (1994)) we can always
choose the kernel {f;} in such a way that (¢, s) — f(s) is jointly measurable on RY x S
Such an integral representation is called a measurable representation of X. As in the
discrete-parameter case, f;’s are deterministic functions and hence all the randomness
of Xis hidden in the random measure M, and the inter-dependence of the X,’s is captured
in {f;}. As before, we can again assume, without loss of generality, that the family {f;}

satisfies the full support assumption

Support(f,, t e RY) =S . (4.3.2)

As in the discrete-parameter case the integral representation takes of a special form

provided {X;} is stationary. See, once again, Rosinski (1995) for the d = 1 case and
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Rosinski (2000) for a general d. Specifically, every measurable minimal representation
(this can be defined in parallel to Definition 2.3.1 and such a representation exists by

Theorem 2.2 in Rosinski (1995)) of X turns out to be of the form

dpo ¢,
du

1/«
fils) = Ct(s)( (S)) fod(s), teR, (4.3.3)

where f € L¥(S, 1), {¢;},cre is a nonsingular R%-action on (S, i) and {c,},cg« is a measur-
able cocycle for {¢,} taking values in {—1, +1} i.e., (¢, 5) — ¢,(s) is a jointly measurable

map R? x S — {—1, +1} such that for all u,v € R?
Cusn(8) = ¢, (8)cu(¢,(s)) foru-a.a. s€S. (4.3.4)

Conversely, if {f;} is of the form (4.3.3) then {X,} defined by (4.3.1) is a stationary S S

random field.

Remark 4.3.1. We can always choose the cocycle {c,} in (4.3.3) in such way that (4.3.4)
holds for all (u,v, s) € RY x R? x §. This follows by Appendix B9 in Zimmer (1984).

In order to study the measurable stationary SaS random fields we first establish
that any measurable stationary random field indexed by R? is continuous in probability.
In the one-dimensional case, the corresponding result for measurable processes with

stationary increments was proved by Surgailis et al. (1998).

Proposition 4.3.2. Suppose X = {X,},cres be a measurable stationary random field. Then
X is continuous in probability i.e., for every t, € RY, X, N X,, whenever t — t.

Proof. It is enough to show {X¥

. }iere 18 continuous in probability for all M > 0, where

| X il M

t
0 otherwise.

Hence, without loss of generality, we can assume that || Xyl < co where || - ||, denotes

the L2-norm.
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Let (€, A, P) be the underlying probability space, and X be the path space
L= {X(w), teRY) :weQ).
Define {¢,},cr« on Z as follows:
o (u)(s)=u(s+¢t) forallueX.

By measurability of X it follows that {¢,} is an R¢-action. Define o to be the induced

probability measure on the path space X, namely
d(A) = P({w : X(w), t € RY) € A)).

Stationarity of X implies that {¢,} preserves o. For all t € R?, define a random variable
Y, on X as

Y (u) =u() forallu e X.

|d
Y, = O-O¢’Yoo¢tforallteRd
do

and by our assumption Y, € L*(Z, o). Hence using Banach’s theorem for Polish groups

Note that

(see Section 1.6 in Aaronson (1997)) it follows that ¢ — Y, is L2-continuous, which is

same as saying ¢ — X, is L>-continuous, which implies the result. O

As 1s the discrete-parameter case, we say that a measurable stationary S @S random
field {X,},cge is generated by a nonsingular R¢-action {¢,;} on (S, u) if it has an integral
representation of the form (4.3.3) satisfying (4.3.2). The following result, which is the
continuous-parameter analogue of Proposition 2.3.3, yields that the classes of measur-
able stationary S @S random fields generated by conservative and dissipative actions are

disjoint.

LetTy e B, Ty C Fy =[0,1) be such that u(Fo—Ty) = 0 and forall r € Ty, s — w,(s)

is a version of d‘;—‘;f“ where {w;(s)} is as in Section 4.2. Let T = | J,r,(y + To). Then for
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allt € T, s — r/(s) is a version of d’;—j". Here {r;(s)} is also as defined in Section 4.2.

Define, for ¢ € R¢,

fi(s) = cl8)f o gu(s)(r(s)', s€S. (4.3.5)

Proposition 4.3.3. Suppose {X,},cre is a measurable stationary S aS random field gen-
erated by a nonsingular R%-action {¢,} on (S, p) and { f;} is given by (4.3.3). Also let C

and D be the conservative and dissipative parts of {¢;}. Then we have
C = {sef§: I£()| = 0o} mod p, and
R4
D = {ses: f 1£:(5)|% < oo} mod u ,
R4

where { f,} is as in (4.3.5). In particular, if a stationary S aS random field {X,},cra is
generated by a conservative (dissipative, resp.) R¢-action, then in any other integral
representation of {X,} of the form (4.3.3) satisfying (4.3.2), the R-action must be con-

servative (dissipative, resp.).

Proof. Since {X,} is stationary and measurable, we have {X;} is continuous in probability
which implies {f;} is L*-continuous. Hence using (4.3.2) and the fact that 7 is dense in
R? it follows that

Support{f, :teT} =S8 (4.3.6)
from which we get by Fubini’s Theorem that
flf,(s)l"/l(dt) >0 foru-aa seS. 4.3.7)
T

Let
W)=Y a, | 1A, s€eS,

yeZd y+To

where a, > 0 for all y € Z¢ and ), czea, = 1. Clearly, h € L'(S,u) and by (4.3.7),
h > 0. Let

S" = {s €S8 : Wy 1), (5) = Wy, 00, (s)W,,(s) for all y;,y, € Z9}.
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Then u(S — S’) = 0 and for all s € S’ we have

D 1o g(s)ru(s)

BezZ4

- Z Z ayf . |ﬁ(¢ﬁ(s))|arﬂ(s)/l(dt)
Y+io

BeZd yezd

=>4 f RO RICIOZOYED
y+lo

BeZ4 yeZd

=> D.a fT (@) Ty (Bp())ra()A(d)

BeZ4 ye7d
the last step following by translation invariance of A. Using the definition of S’ and
(4.2.3) for m = 0 this equals

= D% fT £ @spir ()| T By ()1 (B5())rp(8) A1)

ﬁEZd ’)’EZd

=>4 ), fT |F( @iy (D] i By () () A(clE)

yEZd pBe 7d 0

=> f £ (rp()| T (Bp(5))rs(5)AdD)
T

pezd ¥ 10
= 3 [ Gt restraan,
peza ¥ To

which, by another use of translation invariance of A, becomes

= f HCIO) RAOIC)

gezd YA+To

= [V = f Fs A,
T R4

Hence, by Corollary 2.2.4, we have

C=Co = (s€5: ) hogss)rs(s) = oo}

BeZd

(ses: f |/()|%A(dt) = oo} mod .
R4
This completes the proof of the first part.
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To prove the second part, let {y,} be a R?-action on (Y, v) which also generates

{X;},cre. This means

(dvo Wy
_—

1/a
, teR?
dv ) goy,

is another representation of {X,} satisfying the full support condition (4.3.2) where

g € L*(Y,v), and {u},cre 1s a measurable cocycle for {;}. We have to show {i,} is

conservative as well. By the first part, it is enough to show that

f g AN = o forp-aa. €S, (4.3.8)
R

where for all € R?,

2i(s) = u(s)g o Y (g ()", s€S.

and {g,} is constructed for {/,} following verbatim the construction of {r,} in Section 4.2.

Once again using L*-continuity of {g,} we can establish
Support{g, :te€T}=S5. (4.3.9)

Notice that both { f:}leT and {g,},cr are integral representations of the subfield {X;},cr and
{g,} satisfies the full support condition (4.3.9). Hence (4.3.8) follows by Theorem 1.1 in

Rosiniski (1995) and an argument parallel to the discrete parameter case. O

The following continuous-parameter analogue of Corollary 2.3.4 states that the test
described in the previous proposition can be applied to any integral representation of the

random field as long as it has full support.

Corollary 4.3.4. The measurable stationary S aS random field {X,},cra is generated by
a conservative (dissipative, resp.) Re-action if and only if for any (equivalently, some)

measurable representation (4.3.1) of {X,} satisfying (4.3.2), the integral
/ | fi()I*dA(1) (4.3.10)
R(

is infinite (finite, resp) u-a.e. .
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Proof. Fix a measurable minimal representation { ft(l)},eRd of {X;},cpe. Define { ﬁ(l)}teRd
in parallel to (4.3.5). Taking a minimal representation {g,},c7 of the subfield {X,}.r
we observe once again that both the integral representations { ft(l)}teT and {g,},r of the
subfield {X;};cr satisfy the full support condition. Hence we can use Remark 2.5 in
Rosinski (1995) together with the arguments given in the discrete-parameter case twice

to conclude

fd If|“A(dt) < 00 p-ae. = f|f,|"/l(dt)<oo u-a.e.
R T
— f|g,|"/l(dt)<oo u-a.e.
T
= f|f~t(l)|a/l(dt)<oo u-a.e.
T

= f 1AV A < o0 prace..
R4

and since { ﬁ(l)}teRd is of the form (4.3.3) and satisfies (4.3.2), this corollary follows from

Proposition 4.3.3. O

As in the discrete-parameter case, Proposition 4.3.3 enables us to connect the de-
composition of a stable random field into three independent parts available in Rosiniski
(2000) to the conservative-dissipative decomposition of the underlying action. For the
continuous-parameter case, mixed moving average can be defined in parallel to (2.3.7)

as follows:

x < { f,t+ 5) M(dv, ds)} , 4.3.11)
WxR4

reRd
where f € L*(WxRY,v®2), A is the Lebesgue measure on R¢, v is a o-finite measure on
a standard Borel space (W, W), and the control measure u of M equals v ® A (see, once
again, Surgailis et al. (1993) and Rosiniski (2000)). The following result gives three
equivalent characterizations of stationary S @S random fields generated by dissipative

actions.
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Theorem 4.3.5. Suppose {X;},cre is a stationary S aS random field. Then, the following

are equivalent:

1. {X,} is generated by a dissipative R*-action.

2. For any measurable representation { f;} of {X,} we have
f |f,(s)|* < oo for p-a.a. s.
R4

3. {X;} is a mixed moving average.

4. {X,}ier, is a mixed moving average for some (all) n > 1.

Proof. 1 and 2 are equivalent by Corollary 4.3.4, and 2 and 3 are equivalent by Theorem

2.1 of Rosinski (2000). 1 and 4 are equivalent by Theorem 2.3.5. O

Therefore, in order to establish that X is a mixed moving average, it is enough to
look at one of its discrete skeleton. Theorem 4.3.5 also allows us to describe the de-
composition of a stationary S @S random field given in Theorem 3.7 of Rosifiski (2000)
in terms of the ergodic theoretical properties of nonsingular R?-actions generating the
field. The statement of the following corollary is an extension of the one-dimensional

decomposition in Theorem 4.3 in Rosinski (1995) to random fields.
Corollary 4.3.6. A stationary S aS random field X has a unique in law decomposition
X, £ x°+x?2, (4.3.12)

where X¢ and X? are two independent stationary S aS random fields such that X? is a

mixed moving average, and XC is generated by a conservative action.

As in the discrete-parameter case, one can think of stable random fields generated
by conservative actions as having longer memory than those generated by dissipative

actions for the exact same heuristic reason.
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4.4 Rate of Growth of the Maxima

As in the discrete-parameter case, the extreme values of {X;} tend to grow at a slower
rate if {X;} is generated by a conservative action. For d = 1, this has been formalized in
Samorodnitsky (2004b), and in this section we will see that it turns out to be the case for
stable random fields as well. In order to extend the one-dimensional result on extremes
to higher dimensions we need to assume that X = {X,},cr« is locally bounded apart from

being stationary and measurable. If further X is separable then

M. = sup |X{|, 720, (4.4.1)

0<s<tl

is a well-defined finite-valued stochastic process. Here,
u= b, u?, ..., u(d)) <v=00, v v(d))

means u” < v? foralli=1,2,...,dand 1 := (1,1,...,1) € R Since X is stationary
and measurable, it is continuous in probability by Proposition 4.3.2. Therefore, taking

its separable version the above maxima process can be defined by

M, = sup |Xi|, 7>0, 4.4.2)
s€l0, r1]nI
where I' := U2, Ty = U2y 2% and [u,v] == {s € R? : u < s < v}. This will avoid the

usual measurability problems of the uncountable maximum (4.4.1). Another advantage
of this method is that a lot of uncountable suprema of functions can be treated in the
same way without bothering about the measurability issues. For instance, we write

sup,c4 | fi(x)| for some set A C R?, to mean the measurable function Sup,canr [f: (0l

Keeping the above discussion in mind we define, for 7 > 0,

1/a
b, ::( f sup |f,(s)|"u(ds)) . (4.4.3)
S

0<t<tl

in parallel to (2.5.2). By local boundedness of X and Theorem 10.2.3 of Samorodnit-
sky and Taqqu (1994) it follows that b, < oo for all 7 > 0. Also, Corollary 4.4.6 in
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Samorodnitsky and Taqqu (1994) implies that b, does not depend on the choice of in-
tegral representation of X. As in the discrete-parameter case the rate of growth of the

maxima process depends heavily on the rate of growth of b,.

In order to estimate the rate of growth of the maxima process (4.4.2) we first do
the same for the the deterministic function (4.4.3). As in the discrete-parameter case,
the asymptotic behavior of b, depends heavily on the ergodic theoretic properties of the

underlying nonsingular R?-action.
Proposition 4.4.1. (i) If the action {¢,} is conservative, then

7%, -0 as T — oo. 4.4.4)
(ii) If the action {¢,} is dissipative, then

1/a
lim T-d/“bT:( f g(v)"v(dv)) € (0, o), (4.4.5)
w

T—00

where we can use any mixed moving average representation (4.3.11) of the random field

and

g(v) =sup|f(v,s)| forveW.
seRd

Proof. (i) Define, forn =1,2,3,...,andforke {2/: j=0,1,2,...},
1,4
Ui, = ue%Z u>0, |lulle <np.

Let € > 0. Since b, < oo, by monotone convergence theorem we can findak € {2/ : j =

0,1,2,...} such that
f max |£,(s)|%u(ds) > by — €. (4.4.6)
s u€Uy,1

Since {¢,},cra is conservative, so is the Z¢-action

l//”(S) = ¢u/k(s)’ ue Zd 5
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which generates the discrete-parameter stationary S @S random field

Y, = X(u/k) = f fu(OM(ds), ueZ.
S
Hence, by Proposition 2.5.1, we obtain that

lim n~9p, = 0, (4.4.7)

n—oo
where

B 1/a
b, ::(fmaxlfu(s)l",u(ds)) Cn=0,1,2,....
SMGUk,,,

Following verbatim the argument presented in the one-dimensional case Samorod-

nitsky (2004b) we have for N = 1,2,3,.. .,

IA

B + N (bl— f max |fu(s>|”y<ds))
S ueUy,1

< bY, + Ne.

fs sup |fi(s)"u(ds)

0<t<N1

This yields
be < bl < b+ (T+ D,

from which (4.4.4) follows by (4.4.7).

(i1) For any mixed moving average representation (4.3.11) we have

[ soran < 3 [ swp prosrvian
w weZd W u<s<u+1
< ) f ( f sup |f(v,s+t)|“ds)v(dv)
uezd VW [u—1,u] 0<t<2
= ff sup [f(v, s+ 1)|*dsv(dv) = b5 < o
W JRA 0<t<2

where 2 := (2,2,...,2). The proof of (4.4.5) is exactly same as the corresponding
statement in the discrete-parameter case. One uses a direct computation to check the

claim in the case where f has compact support, that is

f(v,s) =0 forall (v,s)with ||s]lo > A for some A > O.
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The proof in the general case follows then by approximating a general kernel f by a

kernel with a compact support. O

At this point let us recall a series representation of the subfield {X,}o<,<r1 given by

S AU
X; 4 bTCcly/Q Z ngj—l/a " -, 44.8)
J=1 SUPo<u<r1 |fu(Uj l
t€[0,71],
where &1, &, . .. are i.i.d. Rademacher random variables (i.e., P(e; = 1) = P(g¢; = —1) =

1/2), Ty, T,,...is asequence of the arrival times of a unit rate Poisson process on (0, ),

{U;T)} are i.i.d. §-valued random variables with common law 7, given by

dn,
T () = b sup If()F,  s€S, (4.4.9)
du 0<r<rl

and all three sequences above are independent; see, for example, Samorodnitsky and

Taqqu (1994) for details.

The next result is the continuous-parameter analogue of Theorem 2.6.1. It’s proof
is based two main ingredients, namely, Proposition 4.4.1, and the series representation
(4.4.8), and the argument is exactly same as the one-dimensional case (Theorem 2.2 in

Samorodnitsky (2004b)).

Theorem 4.4.2. Let X = {X,},cre be a stationary, locally bounded S aS random field,
where 0 < a < 2.
(i) Suppose that X is not generated by a conservative action (i.e., the component X? in

(4.3.12) generated by the dissipative part is nonzero). Then

1

WM, = Cl"KyZ, (4.4.10)

1/a
Ky = ( f (g(v))av(dv))
w
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and g is given by (4.4.1) for any representation of X® in the mixed moving average form

(4.3.11), C, is the stable tail constant (see (1.2.9) in Samorodnitsky and Tagqu (1994))

and Z, is the standard Frechet-type extreme value random variable with the distribution

P(Z,<z2)=¢"", z>0.

(ii) Suppose that X is generated by a conservative R%-action. Then
1 p
7T/aMT — 0
as T — oo. Furthermore, with b, given by (4.4.3),
1 . : . :
— M. ¢ is not tight for any positive functionc. = o(b,),
Cr

while if, for some 6 > 0 and ¢ > 0,

b, >ct’  forall T large enough

1
{b_T MT} is tight.

then

(4.4.11)

(4.4.12)

(4.4.13)

(4.4.14)

Finally, for t > 0, let {U;T)}jzl be as in (4.4.8). Suppose that (4.4.13) holds and for any

>0,
P(for some t € [0, 11],

AU ,
= >e,]:1,2)—>0
Sup()SMSTl |fu(U] )l

as T — oo. Then

1
—M, = Clz,
b, @

as T — oo. A sufficient condition for (4.4.15) is

. T
lim = 00
oo pdi2a
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Remark 4.4.3. Unlike the discrete-parameter case, we cannot give a better estimate of
the rate of growth of the maxima when the underlying action is conservative. In general,

this rate depends on the action as well as on the kernel f.
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